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PREFACE. 



IN preparing this work the aim has been to fnmish just so mnch 
of Trigonometry as is actually taught in our best schools and 
colleges. Consequently, development of functions in series and all 
other investigations that are important only for the special student 
have been omitted. The principles have been unfolded with the 
utmost brevity consistent with simplicity and clearness, and inter- 
esting problems have been selected with a view to awaken a real 
love for the study. Much time and labor have been spent in devis- 
ing the simplest proofs for the propositions, and in exhibiting the 
best methods of arranging the logarithmic work. 

The object of the work on Surveying and Navigation is to pre- 
sent these subjects in a clear and intelligible way, according to the 
best methods in actual use; and also to present them in so small a 
compass that students in general may find the time to acquire a 
competent knowledge of these very interesting and important studies. 

The author is under particular obligation for assistance to G. A. Hill, 
A.M., of Cambridge, Mass., and to Prof. James L. Patterson, of Law 
renceville, N.J. 

G. A. WENTWORTH. 
Exeter, New Hampshire, 
September, 1892. 
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CHAPTER I. 

TRIGONOMBTRIC FUNCTIONS OF ACUTE ANGLES. 

§ 1. Definitions. 

The sides and angles of a plane triangle are so related that 
any three given parts, provided at least one of them is a side, 
determine the shape and the size of the triangle. 

Geometry shows how, from three such parts, to construct the 
triangle and find the values of the unknown parts. 

Trigonometry shows how to compute the unknown parts of a 
triangle from the numerical values of the given parts. 

Geometry shows in a general way that the sides and angles 
of a triangle are mutually dependent. Trigonometry begins 
by showing the exact nature of this dependence in the right 
triangle, and for this purpose employs the ratios of its sides. 

Let MAN (Fig. 1) be an acute angle. If from any points 

-S, D, F, in one of its sides 

perpendiculars BC, DE, FO, 

are let fall to the other side, then 
the right triangles ABC, ADE, 

AFQ, thus formed have the 

angle A common, and are there- 
fore mutually equiangular and 
similar. Hence, the ratios of 
their corresponding sides, pair by 
pair, are equal. That is, 




AC _AE_AQ, 
AB AD AF' 



AO^AE^AG, , 
BO BE FG' ^ ^* 
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Hence, for every value of an acute angle A there are certain 
numbers that express the values of the ratios of the sides in 
all right triangles thai have this actUe angle A. 
There are altogether six different ratios : 

I. The ratio of the opposite leg to the hypotenuse is called 
the Sine of A, and is written sin -4. 

II. The ratio of the adjacent leg to the hypotenuse is called 
the Cosine of A, and written cos -4. 

III. The ratio of the opposite leg to the adjacent leg is 
called the Tangent of A, and written tan^. 

IV. The ratio of the adjacent leg to the opposite leg is 
called the Cotangent of Aj and written cot -4. 

V. The ratio of the hypotenuse to the adjacent leg is called 
the Secant of A, and written sec -4. 

VI. The ratio of the hypotenuse to the opposite leg is called 
the Cosecant of A, and written esc A. 




In the right triangle ABC 
(Fig. 2) let a, 5, c denote the 
lengths of the sides opposite to 
the acute angles -4, J5, and the 
right angle C, respectively, these 
lengths being all expressed in 
terms of a common unit. Then, 



sin 



. _ g _ opposite leg 
c hypotenuse 



b adjacent leg 

A_c __ hypotenuse 
b adjacent leg 



cos 



, _ J _ adjacent leg 
c hypotenuse 



a opposite leg 



CSC -4 = 



c hypotenuse 

a opposite leg 



These six ratios are called the Trigonometric Functions of the 
angle A. 
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Exercise I. 

1. What are the functions of the other acute angle JB of the 
triangle ^5C (Fig. 2)? 

2. Prove that if two angles, A and -B, are complements of 
each other (i.e., iiA + B=W\ then, 

sin-4 = cos5, tan-4 = cot5, sec-4. = csc5; 
cos ^ = sin B, cot A = tan B, esc -4 = sec B. 

3. Find the values of the functions of A, if a, 5, e respec- 
tively have the following values : 

(i.) 3, 4, 5. (iii.) 8, 15, 17. (v.) 3.9, 8, 8.9. 
(ii.) 5, 12, 13. (iv.) 9, 40. 41. (vi.) 1.19, 1.20, 1.69. 

4. What condition must be fulfilled by the lengths of the 
three lines a, 5, c (Fig. 2) in order to make them the sides of 
a right triangle ? Is this condition fulfilled in Example 3 ? 

5. Find the values of the functions of ^, if a, J, c respec- 
tively have the following values : 

(i.) 2mn, rrf—r?, m*+7i'. (iii.) 'pqr, qrs, rsp. 

(n.) £-, a; + y, — L^.. (iv.) — , — , _. 

x — y x — y pq sq ps 

6. Prove that the values of a, J, <?, in (i.) and (ii.). Example 
5, satisfy the condition necessary to make them the sides of 
a right triangle. 

7. What equations of condition must be satisfied by the 
values of a, 5, c, in (iii.) and (iv.), Example 5, in order that the 
values may represent the sides of a right triangle? 

Compute the functions of A and B when, 

8. a = 24, 5 = 143. 11. a = yp+7» h = V2p^. 

9. a = 0.264, ^ = 0.265. 12. a = -Vp^+pq, c = p + q 
10. 6 = 9.5, ^ = 19.3. 13, j = 2V^, c=p + q. 
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Compute the functions of A when, 

14. a = 2b, 16. a + ft = |c. 

15. 



a = fc. 



17. a-b = ^. 



20. 
21. 
22. 
23. 



18. Find a if sin ^ = f and c = 20.5. 

19. Find b if cos^ = 0.44 and c = 3.5. 
Find a if tan^ = -V^ and 6 = 2^. 
Find 5 if cot^ = 4 and a = 17. 
Find <? if sec ^ = 2 and b = 20. 
Find c if csc^ = 6.45 and a = 35.6. 

Construct a right triangle : given, 

24. c = 6, tan^=f. 26. 5 = 2, sin^ = 0.6. 

25. a=3.5, cos^=^. 27. 5 = 4, csc^ = 4. 

28. In a right triangle, c = 2.5 miles, sin^ = 0.6, cos^ - 
0.8 ; compute the legs. 

29. Construct (with a protractor) the A 20**, 40°, and 70**; 
determine their functions by measuring the necessary lines, 
and compare the values obtained in this way with the more 
correct values given in the following table : 



20" 
40° 
70° 


sin 


cos 


tan 


cot 


sec 


ae 


0.342 
0.643 
0.940 


0.940 
0.766 
0.342 


0.364 
0.839 
2.747 


2.747 
1.192 
0.364 


1.064 
1.305 

2.924 


2.924 
1.556 
1.064 



30. Find, by means of the above table, the legs of a right 
triangle if ^ = 20^ c = 1 ; also, if ^ = 20^ c = 4. 

31. In a right triangle, given a=3 and c = 5; find the 
hypotenuse of a similar triangle in which a = 240,000 miles. 

32. By dividing the length of a vertical rod by the length 
of its horizontal shadow, the tangent of the angle of elevation 
of the sun at the time of observation was found to be 0.82. 
How high is a tower, if the length of its horizontal shadow at 
the same time is 174.3 yards? 
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§ 2. Representation of Functions by Lines. 

The functions of an angle, being ratios, are numbers; but 
we may represent tbem by lines if we first choose a unit of 
length, and then construct right triangles, such that the de- 
nominators of the ratios shall be equal to this unit. The most 
convenient way to do this is as follows : 

About a point (Fig. 3) as a 
centre, with a radius equal to one 
unit of length, describe a circle 
and draw two diameters A A and 
BB^ perpendicular to each other. 

The circle with radius equal to 
1 is called a unit circle, AA' the 
h/yrizontal^ and BB the vertical 
diameter. 

Let AOP be an acute angle, 
and let its value (in degrees, etc.) 
be denoted by x. We may regard 
the Z a; as generated by a radius OP that revolves about 
from the position OA to the position shown in the figure; 
viewed in this way, OP is called the moving radius. 

Draw PMl. to OA. In the rt. A 0PM the hypotenuse 
0P= 1 ; therefore, sin a; = PM\ cos a; = OM. 

Since Piif is equal to ON, and OiVis the projection of OP 
on BB, and since OJf is the projection of OP on AA\ there- 
fore, in a unit circle, 

sin a; = projection of moving radius on vertical diameter ; 

cos a? = projection of moving radius on horizontal diameter. 

Through A and B draw tangents to the circle meeting OP, 
produced in T and 8, respectively ; then, in the rt. A OAT, 
the leg OA = 1, and in the rt. A 0B8, the leg 0B = 1', while 
the Z 08B =-Ax (why ?). Therefore, 




tana; = ^r; seca? = C)r; (^o\.x-=B8\ cacx = 08. 



8 TBIQONOMETBY. 



These six line values (as they may be termed) of the func- 
tions are all expressed in terms of the radius of the circle as a 
unit ; and it is clear that as the angle varies in value the line 
values of the functions will always remain equal numerically 
to the ratio values. Hence, in studying the changes in the 
functions as the angle is supposed to vary, we may employ the 
simpler line values instead of the ratio values. 

EXEBGISE II. 

1. Represent by lines the functions of a larger angle than 
that shown in Fig. 3. 

2. Show that sin rr is less than tan :r. 

3. Show that secrr is greater than tan:r. 

4. Show that esc a: is greater than cotar. 
Construct the angle x if, 

5. tana; = 3. 7. co8a: = -J^. 9. sina: = 2cosa;. 

6. esc a: = 2. 8. sina: = cosa:. 10. 4sina: = tanar. 

11. Show that the sine of an angle is equal to one-half the 
chord of twice the angle. 

12. Find x if sin a; is equal to one-half the side of a regular 
inscribed decagon. 

13. Given x and y{x-\-y being less than 90**) ; construct the 
value of sin {x-\-y) — sin x. 

14. Given x and y{x + y being less than 90**) ; construct the 
value of tan (a: + y) — sin {x-\-y) + tana: — sinar. 

Given an angle x ; construct an angle y such that, 

15. siny = 2sina;. 17. tany = 3tana;. 

16. cosy = -J- cos a;. 18. secy = csca;. 

19. Show by construction that 2 sin ^ > sin 2 -4. 

20. Given two angles A and B{A + B being less than 90°) ; 
show that sin {A-\-B)< sin A + sin B. 

21. Given sin ar in a unit circle; find the length of a line 
corresponding in position to sin a: in a circle whose radius is r ? 

22. In a right triangle, given the hypotenuse c, and also 
sin-4 = m, cos-4 = n ; find the legs. 
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Fig. 4 



§ 3. Changes in the Functions as the Angle Changes. 

If we suppose the Z AOP, or x (Fig. 4) to increase gradu^ 
ally by the revolution of the moving 
radius OP about 0, the point P will 
move along the arc AB towards -B, 
2^ will move along the tangent AT 
away from A, 8 will move along 
the tangent B8 towards B, and M 
will move along the radius OA 
towards 0. 

Hence, the lines PM, AT, OT 
will gradually increase in length, 
and the lines OM, BS, 08, will 
gradually decrease. That is, 

As an acute angle increases, its 
sine, tangent, and secant also in- 
crease, while its cosine, cotangent, and cosecant decrease. 

On the other hand, if we suppose x to decrease gradually, 
the reverse changes in its functions will occur. 

If we suppose x to decrease to 0**, OP will coincide with OA 
and be parallel to B8. Therefore, PJf and -4 7 will vanish, 
OJf will become equal to OA, while B8 a,nd O/S will each be 
infinitely long, and be represented in value by the symbol oo. 

And if we suppose x to increase to 90°, OF will coincide 
with OB and be parallel to AT Therefore, FM and 08 will 
each be equal to OB, OMemi B8vf ill vanish, while -^^and 
or will each be infinite in length. 

Hence, as the angle x increases from 0° to 90°, 

sin X increases from to 1, 
cos X decreases from 1 to 0, 
tana? increases from to oo, 
cot X decreases from oo to 0, 
sec X increases from 1 to oo, 
CSC X decreases from oo to 1. 
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The values of the functions of 0° and of 90^ are the limitimg 
values of the functions of an acute angle. It is evident that 
(disregarding the limiting values), 

Sines and cosines are always less than 1 ; 

Secants and cosecants are always greater than 1 ; 

Tangents and cotangents have all values between and oo. 

Remark. We are now able to understand why the sine, cosine, etc., 
of an angle are called /uncfioru of the angle. By 2k function of any mag- 
nitude is meant another magnitude which remains the same so long as 
the first magnitude remains the same, but changes in value for every 
change in the value of the first magnitude. This, as we now see, is the 
relation in which the sine, cosine, etc., of an angle stand to the angle. 



§4. Functions of Complementary Angles. 

The general form of two complementary angles is A and 
90° - A, 

In the rt. A ^^C (Fig. 5) 
^ + ^ = 90°, hence 5 = 90° - A. 
Therefore (§ 1)^ 

sin ^ = cos 5 = cos (90° — A), 
cos ^ = sin 5 = sin (90° — A), 
tan ^ = cot ^ = cot (90° — A), 
cot -4 = tan ^ = tan (90° - A.), 
sec -4 = esc ^ = CSC (90° — A), 
esc -4 = sec 5 = sec (90° — A). 

Therefore, 

Each function of an acute angle is equal to the co-named 
function of the complementary angle. 

Note. Cosine, cotangent, and cosecant are sometimes called co-functions; 
the words are simply abbreviated forms of complement's sine, complement's 
tangent, and complement's secant. 

Hence, also, 

Any function of an angle between 45° and 90° m<iy he found 
hy talcing the co-naw,ed function of the comjpleinentary an>gU 
between 0° and 45°. 
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Exercise III. 

1. Express the following functions as functions of the com- 
plementary angle : 

sin 30°. tan 89°. csclS^K/. cot 82° 19'. 
cos45°. cot 15°. cos37°24'. C8c54°46'. 

2. Express the following functions as functions of an angle 
less than 45° : 

sin 60°. tan57°. csc69°2'. cot 89° 59'. 

cos 75°. cot 84°. cos 85° 39'. esc 45° 1'. 

3. Given tan 30° =: i V3 ; find cot 60**. 

4. Given tan A = cot A; find A. 

5. Given cos A = sin2A; find A. 

6. Given sin A = cob2A] find A. 

7. Given cos A = sin (45° — iA); find A, 

8. Given cot } -4 = tan A ; find A. 

9. Given tan (45° + ^) = cot ^ ; find A. 

10. Find A if sin -4 = cos 4 A. 

11. Find -4 if cot ^ = tan 8 X 

12. Find A if cot ^ = tan nA, 

§ 5. Kelations of the Functions of an Angle. 
Since (Fig. 5) a* + 5' = c*, therefore, 

Therefore (§ 1), (sin Af + (cos -4)' = 1 ; 

or, as usually written for convenience, 

8iii«A + cofl«A=l. [1] 

That is : The sum of the squares of the sine and the cosine of 
an angle is eqv^l to unity. 
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Formula [1] enables us to find the cosine of an angle when 
the sine is known, and vice versa. The values of sin A and of 
cos -4 deduced from [1] are : 



sm 



A = Vl — cos*-4, cos A = VI — Bin*-4. 



a- a h a ^ c a 

Since _H-- = -X7 = T» 

c c c o o 

therefore (§ 1), ^^=i^ t^^ 

That is : The tangent of an angle is equal to the sine divided 
hy the cosine. 

Formula [2] enables us to find the tangent of an angle when 
the sine and the cosine are known. 

Since «X^ = 1. -X{ = 1, and ?X* = 1. 
c a c o a 

therefore (§1), sin A X OBO A = 1 ' 

cosAXBeoA = l • [3] 

tanAxootA = l J 

That is : The sine and the cosecant of an angle^ the cosine 
and secant^ and the tangent and 'cotangevd^ pair hy pair^ are 
reciprocals. 

The equations in [3] enable us to find an unknown function 
contained in any pair of these reciprocals when the other func- 
tion in this pair is known. 

Exercise IV. 

1. Prove Formulas [1] - [3], using for the functions the lino 
values in unit circle given in § 3. 

2. Prove that 1 + tanM = sec*-4. 

Exnt. Divide the terms of the equation a* + 6* *» c^ by 5*. 

3. Prove that 1 + cot*^ = cscM. 

cos -4 

4. Prove that cot A = —• — j' 

sin^ 
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§6. Application of Formulas [1]-[3]. 

Formulas [1], [2], and [3] enable us, when any one function 
of an angle is given, to find all the others. A given value of 
any one function, therefore, determines all the others. 

' Example 1. Given sin -4 = f ; find the other functions. 

By[l], cos^=Vl^=V| = iV5. 

By [3], colJ = :^, "«^-:^. <»o^ = |- 

Example 2. Given tan -4 = 3; find the other functions. 

By [2], ^ = 3. 

COS -4 

And by [1], sin'-4 + cos'-4 = 1. 

If we solve these equations (regarding sin A and cos -4 as 
two unknown quantities), we find that, 

sin -4 = 3 V^, cos A = V^. 

Then by [3], cot A=^, BecA = VIO, esc A = ^ VlO, 

E2LA.MPLE 3. Given sec -4 = m ; find the other functions. 
By [31 cos^ = -. 

By[l], smA = Jr^l-^ = ^^^=L^^^;^rzi, 

By [2], [3], tan^=v^?^, cot^ = 



VS?^^ 



C8C-4 = - 



m 



Vm«-1 
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EXEBCISE v. 

Find the values of the other functions when, 

1. Bin^ = |f. 5. tan^ = f 9. csc^=V2. 

2. sinJl = 0.8. 6. cot^ = l. 10. 8in^==m. 

3. co8^-=». 7. cot ^ = 0.5. 11. 8in^ = -^^l 

4. co8^ = 0.28. 8. sec ^ = 2. ,^ ^ 2mn 

112. cos A = — T — - • 
rrr-\-7r 

13. Given tan 45® = 1 ; find the other functions of 45**. 

14. Given sin 30** = ^; find the other functions of 30*. 

15. Given esc 60** = | V3 ; find the other functions of 60**. 

16. Given tan 15** = 2 - V3 ; find the other functions of 15^ 

17. Given cot 22** 30'= V2 + 1 ; find the other functions 
of 22** 30'. 

18. Given sin 0** = ; find the other functions of 0**. 

19. Given sin 90** = 1 ; find the other functions of 90**. 

20. Given tan 90** = oo ; find the other functions of 90**. 

21. Express the values of all the other functions in terms 
of sin A. 

22. Express the values of all the other functions in terms 
of cos A, 

23. Express the values of all the other functions in terms 
of tan A, 

24. Express the values of all the other functions in terms 
of cot A. 

25. Given 2 sin^ = cos^ ; find sin -4 and cos^. 

26. Given 4 sin^ = tan^ ; find sin-4 and tan J.. 

27. If sin^ : co8.-4 = 9 : 40, find sin -4 and cos -4, 

28. Transform the quantity tan*^ + cot^-4 — sin'-4 — cos'-^ 
into a form containing only cos^. 

29. Prove that sin A + cos -4 = (1 + tan A) cos -4. 

30. Prove that tan -4 + cot .4 = sec ^ X esc A. 
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§ 7. Functions of 45**. 

Let ABQ (Fig. 6) be an isosceles right triangle, in which 
the length of the hypotenuse AB 
is equal to 1 ; then AC'ib equal to 
BCy and the angle A is equal to 45**. 
Sin^ AC^ + 'BCf=l, therefore 
2^0*=1, and^C7 = Vi = iV2. 

Therefore (§ 1), 

sin45° = cos45** = i^^. 

tan45° = cot 45^ = 1. 

sec 45'' = CSC 45** = V2. J V2 

Fig. & 

§8. Functions of 30** and 60**. 

Let ABC be an equilateral triangle in which the length 
of each side is equal to 1 ; and let CD bisect the angle C 
Then CD is perpendicular to AB and bisects AB) hence, 
^i> = i and (7i> = Vr=T= Vi = jV3. 

In the right triangle ADC^ the angle ACD = ^Qf*y and the 
angle CAD = 60^ 

Whence (§ 1), 
sin 30** = cos 60** = \, 
cos 30** = sin 60° = ^ V3. 

tan 30** = cot 60** = — = 4V3. 

V3 ^ 
cot 30** = tan 60* = V3. 

sec 30** = CSC 60** = — = i VS. 

V3 * 
CSC 30** = sec 60** = 2. 

The results for sine and cosine of 30**, 45**, and 60** may be 
easily remembered by arranging them in the following form : 




Angle . . . 


30" 


45° 


60° 


} = 0.5 


Sine 


i 


iV2 


}V3 


JV2 = 0.70711 


Cosine. . . 


iV5 


JV2 


i 


iV3 = 0.86603 



CHAPTER 11. 



THE RIGHT TRIANGLE. 

§ 9. The Given Parts. 

In order to solve a right triangle, two parts besides the right 
angle must be given, one of them at least being a side. 
The two given parts may be : 

I. An acute angle and the hypotenuse. 
II. An acute angle and the opposite leg. 

III. An acute angle and the adjacent leg. 

IV. The hypotenuse and a leg. 
V. The two legs. 

§ 10. Case I. 
Given A = 34° 28' and c = 18.75 ; required B, a, A. 

^ 1. ^ = 90*'-^ = 55**32'. 



2. - = sin A\ .\a = c sin A. 
c 




ng. & 
log a = log c + log sin A 
logo = 1.27300 
log sin ^= 9.75276 * 

loga = 1.02576 
a = 10.61 



- =cos-4; 
c 



. 6 = <?cos-4. 



log b = log(? + log cos A 
logc = 1.27300 
log cos ^= 9.91617 

log6 = 1.18917 
b «= 15.459 



* For Logarithms, and directions how to use them, see Wentworth 
and Hill's Five-place TcMa. 

When —10 belongs to a logarithm or cologarithm, and is not written, 
it must be remembered that the logarithm or cologarithm is 10 too large. 
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§ 11. Case II. 




Given ^ = 62» IC, a = 78 ; find B, b, c. 




1. 5 = 90°-^ = 27" 50'. 


> 


B 


2. - =coiA; :.b = a(ioiA. 
a 


Cy^ 




3. - =sin^. 


/^ 


a 


.-. a =csin^, and c = -T^ 

SID 


» A^ 




/ni 


.A ^ 


h 


(J 




T\g.9. 


log 6 = log a + log cot .4 


logc = 


log a + colog sin ^ 


log a = 1.89209 


loga = 


1.89209 


log cot ^= 9.72262 


colog sin A^= 


0.05340 


log 6 - 1.61471 


log<? = 


1.94549 


b =41.182 


c = 


88.204 





§ 12. Case III. 
Given A = 50^ 2', ft = 88 ; find B, a, c, 

1. ^ = 90*»~^ = 39°58'. 

2. 7 =t&nA; .',a = bta,nA. 





3. - =C0B.4. 

c 

.*. b =cco8-4, and c = 



cos -4 




log a = log h +4Dg tan A 
logb = 1.94448 
logtan^= 10.0767 

loga = 2.02118 
a = 105.0 



logc =logft + cologcos-4 

log* = 1.94448 

colog cos ^= 0.19223 

logc = 2.13671 

c = 137.0 



18 


TEIGONOMETRY. 




§13. 


Case IV. 

Given c = 58.40, a = 47.55 ; find 


y 


B 


A, B, h. 


Cy/^ 


a 


1. sm^ = — 

c 

2. ^ = 90°-X 
h 


^ b 
Kf.n. 


C 


3. - =cot-4; ,'.b = acoiA, 
a 


log sin j4 = log a + colo 
log a = 1.67715 


g^ 


log b = log a + log cot A 
loga = 1.67715 


colog c =8.23359 




log cot ^= 9.85300 


log sin ^ = 9.91074 




logJ = 1.53015 


^ = 54° 31' 




b = 33.896 


5 = 35" 29' 




* 




§14. 


Case V. 

Given a = 40, ^> = 27; find A, 


> 


B 


B,c. 


c/^ 




1. tan^=^. 
b 


y^ 


a 


2. ^=90^-X 




C 


3. - =8in-A. 


^ b 


c 


Fig. 12. 




.*. a =CBin^; .*.<?= — - — 
sin^ 


log tan -4 = log a + col 
log a = 1.60206 


ogh 


log c = log a + colog sin A 
loga ^ 1.60206 


colog 5 = 8.56864 




colog sin .4= 0.08152 


logtan^ = 10.17070 




logc = 1.68358 


^ = 55° 59' 




c =48.259 


^ = 34°r 
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§ 15. Geneeal Method op Solving the Right Teiangle. 

From these five cases it appears that the general method of 
finding an unknown part in a right triangle is as follows : 

Qhoosefrom the equation -4 + .B = 90®, and the equations that 
define the functions of the angles^ an equation in which the re- 
quired part only is unhnown; solve this equation^ if necessary ^ 
to find the value of the unknown part; then compute the value ^ 
using logarUhms whenever convenient. 

Note 1. In Cases IV. and V. the unknown side may also be found 
by Geometry, from the equation a* + 6* = c* ; whence we obtain 



(for Case IV.) h = V?"^^« = •\/(c-\-a){c-'a) ; 



(for Case V.) c = Va« + 6». 

These equations express the values of h and c directly in terms of the 
two given sides ; and if the values of the sides are simple numbers {e.g. 
5, 12, 13), it is often easier to find 5 or c in this way. But this value of 
c is not adapted to logarithms, and this value of h is not so readily worked 
out by logarithms as the value of 5 given in { 13. 

Note 2. In Case IV. if the given sides (here a and e) are nearly alike 
in value, then A is near 90°, and its value cannot be accurately found 
from the tables, because the sines of large angles differ little in value (as 
is evident from Fig. 4). In this case it is better to find B first, by means 
of a "formula proved later (see page 47) ; viz., 

tan}5 = '\/^; 

and to find h by the method given in Nate 1, since the same logarithms 
are used in both cases. 



Example. Given a =- 49, c — 50 ; find A, B, h. 

log6 =}[log(«-«)+log(<J + «)] 
c — a =1 
c + a =99 
log (c- a) = 0.00000 
log (c 4- a) ° 1.99564 
2)1.99564 
log 6 -0.99782 

I -9.95 



log tan }-ff = J [log (c — a) 

+ colog (c + a)] 
log(c-a) =0.00000 
colog (c 4- a) = 8.00436 
2)8.00436 
log tan J5 =9.00218 
\B -6<'44'21" 
B =11^29' 
A =78^31' 
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§ 16. Aeea op the Right Teiangle. 

It is shown in Geometry that the area of a triangle is equal 
to one-half the product of the base bj the altitude. 

Therefore, if a and h denote the legs of a right triangle, and 
i?' the area, F^hah. 

By means of this formula the area may always be found 
when a and h are given or have been computed. 
For example : Find the area, having given : 



Case I. (§ 10). 
^ = 34**28', (? = 18.75. 
First find (as in § 10) log a 
and log 5. 

log {F) = log a+log b + colog 2 
loga = 1.02578 
logb = 1.18915 
colog 2 = 9.69897 

log(i^= 1.91390 
F = 82.016 



Case IV. (§ 13). 
a = 47.54,0 = 58.40. 
First find (as in § 13) log a 
and log 5. 

log (F) = log a +log b + colog 2 
loga = 1.67715 
log 5 =1.53025 
colog 2 = 9.69897 

log (7?^) = 2.90637 
F = 806.06 



Exercise VI. 

1. In Case II. give another way of finding c, after b has been 
found. 

2. In Case III. give another way of finding c, after a has 
been found. 

3. In Case IV. give another way of finding 5, after the 
angles have been found. 

4. In Case V. give another way of finding c, after the angles 
have been found. 

5. Given B and c ; find A, a, b. 

6. Given B and b ; find A, a, c. 

7. Given B and a ; find A, 5, c. 

8. Given b and c ; find A, B,a, 
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Solve the following triangles : 



9 


Given : 


BeQUIBED : 


a = 6. 


c = 12. 


il-30O, 5 = 600, 


6 = 10.392. 


10 


il = 60O, 


6 = 4. 


5 = 300, c^S, 


a = 6.9282. 


11 


A = S(P, 


o = 3. 


5=600, c = 6, 


6 = 5.1961. 


12 


a = 4, 


6 = 4. 


^1 = 5 = 450. c = 5.6568. 




13 


a = 2, 


c= 2.82843. 


^ = 5 = 450,6 = 2. 




14 


c = 627. 


^ = 23030'. 


5 = 660 30', a = 250.02, 


6 = 575.0. 


16 


c = 2280, 


^ = 28^5'. 


5 = 61055', a =1073.3, 


6 = 2011.6. 


16 


c = 72.15, 


-4 = 39034'. 


5 = 500 26', a =45.958, 


6 = 56.620. 


17 


c=l. 


-4 = 360 


5 = 540, a = 0.58779, 


6 = 0.80902. 


18 


c = 200, 


5 = 21047'. 


^ = 680 13', a =185.73, 


6 = 74.22. 


19 


c = 93.4, 


5 = 760 25'. 


A = 130 35', a -21.936, 


6 = 90.788. 


20 


a = 637, 


A^ 4035'. 


5 = 850 25', 6 = 7946, 


c = 7971.5. 


21 


a = 48.532, 


^ = 360 44'. 


5 = 530 16', 6 = 65.031, 


c = 81.144. 


22 


a = 0.0008, 


A = 860. 


5= 40, 6 = 0.0000559 


, J = 0.000802 


23 


b = 50.937, 


5 = 43048'. 


2I = 460 12', a = 63.116, 


c= 73.59. 


24 


6 = 2, 


B= 3038'. 


A = 860 22', a = 31.497, 


c = 31.560. 


26 


a = 992, 


5 =760 19'. 


^ = 13041', 6 = 4074.5. 


<• = 4193.6. 


26 


a =73. 


5 = 68052'. 


^ = 210 8, 6 = 188.86, 


c = 202.47. 


27 


a = 2.189, 


5 = 45025'. 


A = 440 35', 6 = 2.2211, 


c = 3.1185. 


28 


6 = 4, 


A = 370 56'. 


5 = 5204', 0= 3.1176, 


c = 5.0714. 


29 


c = 8590. 


a = 4476. 


A = 310 24', 5 = 580 36', 


6 = 7332.8. 


30 


c = 86.53, 


a =71.78. 


^ = 560 3', 5 = 33057', 


6 = 48.324. 


31 


c = 9.35. 


a = 8.49. 


^ = 650 14', 5 = 240 46', 


6 = 3.917. 


32 


c = 2194. 


6 = 1312.7. , 


A = 530 15', 5 = 360 45', 


a -1758. 


33 


c = 30.69, 


6 = 18.256. 


il = 530 30', 5 = 360 30', 


a = 24.67. 


34 


a = 38.313, 


6 = 19.622. 


2l = 630, 5 = 270, 


c = 43. 


36 


a =1.2291, 


6 = 14.950. 


A= 40 42', 5 -850 18', 


c = 15. 


36 


a = 415.38, 


6 = 62.080. 


A = 810 30', 5= 803O', 


c-420. 


37 


a = 13.690, 


6 = 16.926. 


^ = 380 58', 5 = 510 2', 


c = 21.769. 


38 


c = 91.92, 


a = 2.19. 


A = 1021'55", 5 = 88038'5", 6 = 91.894. 



Compute the unknown parts and also the area, having given : 

39. a = 5, b = 6. 44. c = 68, ^ = 69^54'. 

40. a = 0.615, c = 70. ' 45. c = 27, ^ = 44° 4'. 

41. h = ^/2, c=VS. 46. a = 47, ^ = 48M9'. 

42. a =7, ^ = 18° 14'. 47. 6 = 9, .5 = 34** 44'. 

43. 6 = 12, ^ = 29^*8'. 48. (? = ft462 .B = 86**4'. 
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49. Find the value of -Fin terms of c and A. 

50. Find the value of ^Fin terms of a and A, 

51. Find the value of ^in terms of b and A. 

52. Find the value of Fin terms of a and c, 

53. Given F= 58, a = 10 ; solve the triangle. 

54. Given F= 18, 5 = 5; solve the triangle. 

55. Given F= 12, A = 2^''\ solve the triangle. 

56. Given F=^ 100, c = 22; solve the triangle. 

57. Find the angles of a right triangle if the hypotenuse \b 
equal to thre6 times one of the legs. 

58. Find the legs of a right triangle if the hTpotenuse = 6, 
and one angle is twice the other. 

59. In a right triangle given c, and A = nB ; find a and b, 

60. In a right triangle the difference between the hypote- 
nuse and the greater leg is equal to the difference between the 
two legs;* find the angles. 



The angle of elevation of an object (or angle of depression, 
if the object is below the level of the observer) is the angle 
which a line from the eye to the object makes with a horizon- 
tal line in the same vertical plane. 

61. At a horizontal distance of 120 feet from the foot of a 
steeple, the angle of elevation of the top was found to be 60** 30' ; 
find the height of the steeple. 

62. From the top of a rock that rises vertically 326 feet out 
of the water, the angle of depression of a boat was found to be 
24° ; find the distance of the boat from the foot of the rock. 

63. How far is a monument, in a level plain, from the eye, 
if the height of the monument is 200 feet and the angle of ele- 
vation of the top 3** 30' ? 

64. In order to find the breadth of a river a distance AB 
was measured along the bank, the point A being directly op- 
posite a tree C on the other side. The angle ABOwos also 
measured. If ^^ = 96 feet, and ABO=2ri4:\ find the 
breadth of the river. 

If ABC= 45°, what would be the breadth of the river? 
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65. Find the angle of elevation of the sun when a tower 
a feet high casts a horizontal shadow b feet long. Find the 
angle when a = 120, b = 70. 

66. How high is a tree that casts a horizontal shadow b feet 
in length when the angle of elevation of the sun is A° ? Find 
the height of the tree when 5 = 80, ^ = 60°. 

67. What is the angle of elevation of an inclined plane if it 
rises 1 foot in a horizontal distance of 40 feet ? 

68. A ship is sailing due north-east with a velocity of 10 
miles an hour. Find the rate at which she is moving due 
north, and also due east. 

69. In front of a window 20 feet high is a flower-bed 6 feet 
wide. How long must a ladder be to reach from the edge of 
the bed to the window ? 

70. A ladder 40 feet long may be so placed that it will reach 
a window 33 feet high on one side of the street, and by turn- 
ing it over without moving its foot it will reach a window 21 
feet high on the other side. Find the breadth of the street. 

71. From the top of a hill the angles of depression of two 
successive milestones, on a straight level road leading to the 
hill, are observed to be 5° and 15°. Find the height of the 
hill. 

72. A fort stands on a horizontal plain. The angle of|ple- 
vation at a certain point on the plain is 30°, and at a point 100 
feet nearer the fort it is 45°. How high is the fort ? 

73. From a certain point on the ground the angles of eleva- 
tion of the belfry of a church and of the top of the steeple were 
found to be 40° and 51° respectively. From a point 300 feet 
farther off, on a horizontal line, the angle of elevation of the 
top of the steeple is found to be 33° 45'. Find the distance 
from the belfry to the top of the steeple. 

74. The angle of elevation of the top of an inaccessible fort 
(7, observed from a point A, is 12°. At a point B, 219 feet 
from A and on a line AB perpendicular to AC, the angle ABO 
is 61° 45'. Find the height of the fort. 
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§ 17. The Isosceles Triangle. 

An isosceles triangle is divided by the perpendicular from 
the vertex to the base into two equal right triangles. 

Therefore, an isosceles triangle is determined by any two 
parts that determine one of these right triangles. 
Let the parts of an isosceles triangle ABC (Fig. 13), among 
which the altitude CD is to be in- 
^ eluded, be denoted as follows : 

a = one of the equal sides. 
c = the base. 
A = the altitude. 
A = one of the equal angles. 
C7= the angle at the vertex. 

For example : Given a and c ; re- 
quired -4, (7, A. 
c 
a 2a 

2. C+2^ = 180°; .•.(7=180^-2^ = 2(90**-^). 

3. h may be found directly in terms of a and c from the 
equation • 

A« + f = a», 




Fig. 13. 



. cos^ = — = -— 



which gives A = V(a — J c) (a + J c). 

But it is better to find the angles first, and then find A from 
either one of the two equations. 



• = sin -4, or 



f. = tanA 



whence 



A = asin-4, or A =|-<?tan^. 



The numerical values of A, (7, and A may be computed by 
the aid of logarithms, as in the case of the right triangle. 

The area J^of the triangle may be found, when c and A ar* 
given or have been found, by means of the formula 
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Exercise VII. 



In an isosceles triangle : 



1. Given a and A 

2. Given a and C 

3. Given c and A 

4. Given c and O 

5. Given A and A 

6. Given A and C 

7. Given a and h 

8. Given c and h 



find (7, c, A. 

find A, c^h. 

find (7, a, A. 

find A, a, h. 

find C, a, c. 

find -4, a, c. 

find A, Cj c. 

find ^, (7, a. 

9. Given a = 14.3, c = 11 ; find A, (7, A. 

10. Givmi a = 0.295, ^ = 68^ 10' ; find c, A, i?! 

11. Given c = 2.352, (7= 69M9' ; find a, A, i?! 

12. Given A = 7.4847, A = 76^ 14' ; find a, o, i?! 

13. Given a = 6.71, A = 6.60; find A, (7, c. 

14. Given c = 9, A = 20 ; find A, (7, a. 

15. Given c = 147, i^= 2572.5 ; find A, (7, a, A. 

16. Given A = 16.8, F= 43.68 ; find A, (7, a, (?. 

17. Find the value of J^in terms of a and c. 

18. Find the value of J^in terms of a and (7. 

19. Find the value of ^in terms of a and A. 

20. Find the value of J^in terms of A and O, 

21. A barn is 40 X 80 feet, the pitch of the roof is 45® ; find 
the length of the rafters and the area of both sides of the roof. 

22. In a unit circle what is the length of the chord corre- 
sponding to the angle 45® at the centre? 

23. If the radius of a circle = 30, and the length of a chord 
«= 44, find the angle at the centre. 

24. Find the radius of a circle if a chord whose length is 5 
subtends at the centre an angle of 133®. 

25. What is the angle at the centre of a circle if the corre- 
sponding chord is equal to i of the radius ? 

26. Find the area of a circular sector if the radius of the 
eircle = 12, and the angle of the sector = 30®. 
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§ 18. The Regular Polyoon. 

Lines drawn from the centre of a regular polygon (Fig. 14) 
to the vertices are radii of the circumscribed circle ; and lines 
drawn from the centre to the middle points of the sides are 
radii of the inscribed circle. These lines divide the polygon 
into equal right triangles. Therefore, a regular polygon is 
determined by a right triangle whose sides are the radius of 
the circumscribed circle, the radius of the inscribed circle, and 
half of one side of the polygon. 

If the polygon has n sides, the angle of this right triangle at 
the centre is equal to 

1/360^ or — 

If, also, a side of the polygon, or one of the above-mentioned 
radii, is given, this triangle may be solved, and the solution 
gives the unknown parts of the polygon. 

Let, 
n = number of sides. 
c = length of one side, 
r = radius of circumscribed circle. 
h = radius of inscribed circle. 
p = the perimeter. 
-P= the area. 

Then, by Greometry, 

F=ihp, 




Tig. 14. 



Exercise VIIL 



1. 
2. 
3. 
4. 
5. 
6. 
7. 



Given w = 10, c = 1 ; find r. A, I*, 
Given n = 12, ^ = 70 ; find r, h; F, 
Given w = 18, r = 1 ; find A, p, F, 
Given n = 20, r = 20 ; find A, c, F. 
Given w = 8, A = 1 ; find r, c, F. 
Given n = 11, F= 20 ; find r. A, c. 
Given w = 7, F= 7 ; find r, A, p. 
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8. Find the side of a regular decagon inscribed in a um( 
circle. 

9. Find the side of a regular decagon circumscribed about 
a unit circle. ^ 

10. If the side of an inscribed regular hexagon is equal to 1, 
find the side of an inscribed regular dodecagon. 

11. Given n and c^ and let b denote the side of the inscribed 
regular polygon having 2n sides; find b in terms of w and c. 

12. Compute the difference between the areas of a regular 
octagon and a regular nonagon if the perimeter of each is 16. 

13. Compute the difference between the perimeters of a 
regular pentagon and a regular hexagon if the area of each is 12. 

14. From a square whose side is equal to 1 the corners are 
cut away so that a regular octagon is left. Find the area of 
this octagon. 

15. Find the area of a regular pentagon if its diagonals are 
each equal to 12. 

16. The area of an inscribed regular pentagon is 331.8; 
find the area of a regular polygon of 11 sides inscribed in the 
same circle. 

17. The perimeter of an equilateral triangle is 20; find 
the area of the inscribed circle. 

18. The area of a regular polygon of 16 sides, inscribed in 
a circle, is 100 ; find the area ofa regular polygon of 15 sides, 
inscribed in the same circle. 

19. A regular dodecagon is circumscribed about a circle, 
the circumference of whi-ch is equal to 1 ; find the perimeter 
of the dodecagon. 

20. The area of a regular polygon of 25 sides is equal tc 
40 ; find the area of the ring comprised between the circum- 
ferences of the inscribed and the circumscribed circles. 
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GONIOMETRY. 

§ 21. Definition of Goniometry. 

Iw order to prepare the way for the solution of an oblique 
triangle, we now proceed to extend the definitions of the 
trigonometric functions to angles of all magnitudes, and to 
deduce certain useful relations of the functions of different 
angles. 

That branch of Trigonometry which treats of trigonometric 
functions in general, and of their relations, is called (Joniometrj. 

§ 22. Angles of any Magnitude. 

Let the radius OP of a circle (Fig. 16) generate an angle by 

turning about the centre 0. This 
angle will be measured by the 
arc described by the point -P; 
and it may have any magnitude, 
because the arc described by JP 
Inay have any magnitude. 

Let the horizontal line OA be 
the initial position of OP, and 
let OP revolve in the direction 
shown by the arrow, or opposite 
to the way clock-hands revolve. 
Let, also, the four quadrants into 
which the circle is divided by the horizontal and vertical 
diameters AA\ BB\ be numbered I., II., III., IV., in the 
direction of the motion. 
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During one revolution OP will form with OA all angles from 
0® to 360°. Any particular angle is said to be an angle of the 
quadrant in which OP lies ; so that, 

Angles between 0° and 90° are angles of Quadrant I. 

Angles between 90° and 180° are angles of Quadrant II. 

Angles between 180° and 270° are angles of Quadrant III. 

Angles between 270° and 360° are angles of Quadrant IV. 

If OP make another revolution, it will describe all angles 
from 360° to 720°, and so on. 

If OP, instead of making another revolution in the direction 
of the arrow, be supposed to revolve backwards about 0, this 
backward motion tends to undo or cancel the original forward 
motion. Hence, the angle thus generated must be regarded 
as a negative angle ; and this negative angle may obviously 
have any magnitude. Thus we arrive at the conception of an 
angle of any magnitude, positive or negative. 

§ 23. General Definitions of the Functions. 

The definitions of the trigonometric functions may be ex- 
tended to all angles, by making the functions of any angle 
equal to the line values in a unit circle drawn for the angle 
. in question, as explained in § 3. PiU the lines that represent 
the sine, cosine, tangent, and cotangent must he regarded as 
negative, if they are opposite in direction to the lines that repre- 
sent the corresponding functions of an angle in the first quad- 
rant; and the lines 'that represent the secant and cosecant mv^i 
he regarded as negative, if they are opposite in direction to the 
moving radius. 

Figs. 17-20 show the functions drawn for an angle -4 OP in 
each quadrant taken in order. In constructing them, it must 
be remembered that the tangents to the circle are always 
feawn through A and B, never through A^ or B\ 

Let the angle -4 OP be denoted by x; then, in each figure 
the absolute values of the functions, that is, their values with- 
out regard to the signs + and — , are as follows : 
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Bin X = MPf 

COBX = OMt 

B 



cot X = JBS, 




Fig. M. 



Keeping in mind the position of the points A and B^ we may 
define in words the first four functions of the angle x thus : 
sin X = the vertical projection of the moving radius ; 
cos X = the horizontal projection of the moving radius ; 

C the distance measured along a tangent to the circle 
tana? — •I from the beginning of the first quadrant to the 

t moving radius produced ; 

ithe distance measured along a tangent to the circle 
from the end of the first quadrant to the moving 
radius produced. 
Sec a: and esc a: are the distances from the centre of the 
circle measured along the moving radius produced to the tan- 
jjent and cotangent respectively. 
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§24. Algebbaio Signs op the Functions. 

The lengths of the lines, defined above as the functions of 
any angle, are expressed numerically in terms of the radius 
of the circle as the unit. But, before these lengths can be 
treated as algebraic quantities, they must have the sign + or 
~ prefixed, according to the condition stated in § 23. 

The reason for this condition lies in that fundamental rela- 
tion between algebraic and geometric magnitudes, in virtue of 
which contrary sig7V8 in Algebra correspond to opposite direc- 
tions in Oeometry, 

The sine MP and the tangent ^T always extend from the 
horizontal diameter, but sometimes upwards and sometimes 
downwards; the cosine OM and the cotangent B8 always 
extend from the vertical diameter, but sometimes towards the 
right and sometimes towards the left The functions of an angle 
in the first quadrant are assumed to be positive. Therefore, 

1. Sines and tangents extending from the horizontal diam- 
eter upwards, are positive ; downwards, negative. 

2. Cosines and cotangents extending from the vertical diame- 
ter towards the rig?U, are positive ; towards the left, are nega- 
tive. 

The signs of the secant and cosecant are always made to 
agree with those of the cosine and sine respectively. This 
agreement is secured if secants and cosecants extending from 
the centre, in the direction of the moving radius, are consid- 
ered positive ; in the opposite direction, negative. 

Hence, the signs of the functions for each quadrant are : 



Sine and cosecant 


I. 


II. 


III. 


IV. 


+ 


+ 


— 


— 


Cosine and secant 


+ 


— 


— 


+ 


Tangent and cotangent .... 


+ 


— 


+ 


— 
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§25. Functions of a Vakiable Angle. 

Let the angle x increase continuously from 0* to 360* ; 
what changes will the values of its functions undergo ? 

It is easy, by reference to Figs. 21-24, to trace these 
changes throughout all the quadrants. 




Fig. 28. 



Fig. 24. 



1. The Sine. In the first quadrant, the sine JO' increases 
from to 1 ; in the second, it remains positive, and decreases 
from 1 to ; in the third, it is negative, and increases in abso- 
lute value from to 1 ; in the fourth, it is negative, and 
decreases in absolute value from 1 to 0. 
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2. The Godne. In the first quadrant, the cosine OM de- 
creases from 1 to 0; in the second, it becomes negative and 
increases in absolute value from to 1; in the third, it is 
negative and decreases in absolute value from 1 to ; in the 
fourth, it is positive and increases from to 1. 

3. The Tangent, In the first quadrant, the tangent AT 
increases from to oo; in the second quadrant, as soon as 
the angle exceeds 90® by the smallest conceivable amount, the 
moving radius OP, prolonged in the direction opposite to that 
of OP, will cut -4 T at a point T situated very far helow A ; 
hence, the tangents of angles near 90® in the second quad- 
rant have very large negative values. As the angle increases, 
the tangent ^7^ continues negative but diminishes in absolute 
value. When a:= 180°, then T coincides with A, and tan 180° 
= 0. In the third quadrant, the tangent is positive and in- 
creases from to 00 ; in the fourth, it is negative and decreases 
in absolute value from oo to 0. 

4. The Cotangevd. In the first quadrant, the cotangent B8 
decreases from oo to ; in the second quadrant, it is negative 
and increases in absolute value from to oo ; in the third and 
fourth quadrants, it has the same sign, and undergoes the same 
changes as in the first and second quadrants respectively. 

6. The Secant. In the first quadrant, the secant OT in- 
creases from 1 to 00 ; in the second quadrant, it becomes 
negative (being measured in the direction opposite to that of 
OP), and decreases in absolute value from oo to 1, so that 
secl80° = — 1; in the third quadrant, it continues negative, 
and increases in absolute value from 1 to oo ; in the fourth 
quadrant, it is positive, and decreases from oo to 1. 

^,^The Cosecant In the first quadrant, the cosecant OS 
decreases from oo to 1 ; in the second quadrant, it remains 
positive, and increases from 1 to oo ; in the third quadrant, it 
becomes negative, and decreases in absolute value from oo to 
1, so that csc270°=— 1 ; in the fourth quadrant, it is nega- 
tive, and increases in absolute value from 1 to oo. 
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The limiting values of the functions 


are as follows : 




Sine 


(T 


90* 


180* 


27(r 


smr 


±0 


1 


±0 


-1 


±0 


Cosine 


1 


dhO 


-1 


±0 


1 


Tangent 


d=0 


±00 


±0 


±00 


±0 


Cotangent 


±00 


±0 


±00 


±0 


±00 


Secant 


1 


±00 


-1 


±00 


1 


Cosecant 


rfcOO 


1 


±00 


-1 


±oo 



Sines and cosines extend from + 1 to — 1 ; tangents and co- 
tangents from +00 to -— 00 ; secants and cosecants from -|- oo 
to + 1, and from — 1 to — oo. 

In the table given above the doable sign db ia placed before and 
00. From the preceding investigation it appears that the functions alwat/s 
change sign in passing through and oo ; and the sign + or — prefixed 
to or 00 simply shows the direction from which the value is reached. 

Take, for example, tan 90^ : The nearer an acute angle is to 90°, the 
greater the positive value of its tangent ; and the nearer an obtuse angle 
is to 90°, the greater the negative value of its tangent. When the angle 
is 90°, OP (Fig. 21) is parallel to AT, and cannot meet it* But tan 90° 
may be regarded as extending either in the positive or in the negative 
direction ; and according to the view taken, it will be + oo or — oo. 



§ 26. Functions of Angles Larger than 360®. 

It is obvious that the functions of 360° + a? are the same 
both in sign and in absolute value as those of x ; for the mov- 
ing radius has the same position in both cases. In general, if 
n denote any positive whole number^ 

The functions of (nX 360° + x) are the same as those ofx. 
For example : the functions of 2200° = the functions of 
(6 X 360° + 40°) = the functions of 40°. 
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§ 27. Extension of Formulas [1]-[3] to all Angles. 

The Formulas established for acute angles in § 5 hold true 
for all angles. Thus, Formula [1], 

sin'a; + cos'a: ^= 1, 
is universally true ; for, whether JtfP and 0-3f (Figs. 21-24) 
are positive or negative, MI^ and O M a re always positive, 
and in each quadrant MF -^Om^=^OF =1. 

Also, Formulas 

ron . sin z 

12 tana; = , 

*■ cosa? 

isin a:Xcsca: = l, 
cos a; X sec a; =1, 
tan a? X cot a: =1, 
are universally true ; for the algebraic signs of the functions, 
as given in the table at the end of § 24, agree with those in 
Formulas [2] and [3] ; and with regard to the absolute values, 
we have in each quadrant from the similar triangles OMP, 
OAT, DBS, (Figs. 21-24) the proportions 

AT^',OA=^MF',OM, 

MP:OP^OB :08, 

OM:OP=OA :0T, 

AT :OA = OP :£S, 
which, by substituting 1 for the radius, and the right names 
for the other lines, are easily reduced to the above formulas. 
Formulas [l]-[3] enable us, from a given value of one func- 
tion, to find the absolute values of the other five functions, and 
also the sign of the reciprocal function. But in order to deter- 
mine the proper signs to be placed before the other four 
functions, we must know the quadrant to which the angle in 
question belongs ; or what amounts to the same thing, the sign 
of any one of these four functions ; for, by reference to the 
Table of Signs (§ 24) it will be seen that the signs of any two 
functions that are not reciprocals determine the quadiunt to 
which the angle belongs. 
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ExAUPLE. Given sin a: = + fi and tan x negative ; find the 
values of the other functions. 

Since sin 2: is positive, x must be an angle in Quadrant I. or 
in Quadrant II.; but, since also tana: is negative, Quadrant I. 
is inadmissable. 

By[l], cosa: = d=Vr=B=±f 

Since the angle is in Quadrant II. the minus sign muet be 
taken, and we have 

cos j: = — f . 

By [2] and [3], 

tana: = — ^, cota? = — f, seca: = — f, csca: = f. 



EXEBCISE IX. 

1. Construct the functions of an angle in Quadrant II. 
What are their signs ? 

2. Construct the functions of an angle in Quadrant III. 
What are their signs ? 

3. Construct the functions of an angle in Quadrant IV. 
What are their signs ? 

4. What are the signs of the functions of the following 
angles: 340^ 239^ 145^ 400^ 700^ 1200^ 3800**? 

5. How many angles less than 360® have the value of the 
sine equal to +^, and in what quadrants do they lie? 

6. How many values less than 720° can the angle x have 
if cosa: = + f, and in what quadrants do they lie ? 

7. If we take into account only angles less than 180°, how 
many values can x have if sin a: = -J- ? if cosa; = -^ ? if cos a: = 
-|? if tana: = |? if cota: = -7? 

8. Within what limits must the angle x lie if cos a; = — -J ? 
if cota; = 4 ? if sec a; = 80 ? if esc a; = — 3 ? {x to be less than 
360°.) 

9. In what quadrant does an angle lie if sine and cosine 
are both negative ? if cosine and tangent are both negative ? 
if the cotangent is positive and the sine negative ? 
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10. Between (f and 3600® how many angles are there whose 
sines have the absolute value f ? Of these sines how many 
are positive and how many negative ? 

11. In finding cos a? by means of the equation cosa: = 
=t:Vl — sin^a;, when must we choose the positive sign and when 
the negative sign ? 

12. Given cos x = —^/\ ; find the other functions when x is 
an angle in Quadrant II. 

13. Given tan x = V3 ; find the other functions when x is 
an angle in Quadrant III. ^ 

14. Given seaa? = + 7, and tan x negative ; find the other 
functions of x, 

15. Given cot a? = — 3; find all the possible values of the 
other functions. 

16. What functions of an angle of a triangle may be nega- 
tive? In what case are they negative? 

17. What functions of an angle of a triangle determine the 
angle, and what functions fail to do so ? 

18. Why may cot 360° be considered equal either to + oo 
or to — 00 ? 

19. Obtain by means of Formulas [l]-[3] the other func- 
tions of the angles given : 

(i.) tan 90** = 00. (iii.) cot 270** = 0. 

(ii.) cos 180** = - 1. (iv.) esc 360** = — oo. 

20. Find the values of sin 450^ tan 540^ cos 630°, cot 720°, 
sin 810°, CSC 900°. 

21. For what angle in each quadrant are the absolute values 
of the sine and cosine alike ? 

Compute the values of the following expressions: 

22. a sin 0° + 5 cos 90° -c tan 180°. 

23. a cos 90° — b tan 180° + c cot 90°. 

24. a sin 90° - b cos 360° + (a — b) cos 180°. 

25. (a« - V^ cos 360° - 4 aft sin 270°. 
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§ 28. Reduction of Functions to the Fiest Quadrant. 

Iiva unit circle (Fig. 25) draw two diameters PR and Q8 

equally inclined to the horizon- 
tal diameter AA\ or so that the 
angles AOP, A^OQ, A^OR, and 
AOS shall be equal. From the 
points P, Q, R, S let fall per- 
pendiculars to AA^ \ the four 
right triangles thus formed, with 
a common vertex at 0, are equal ; 
because they have equal hypote- 
nuses (radii of the circle) and 
equal acute angles at 0. There- 
fore, the perpendiculars PM^ 
QN, RN, SMy are equal. Now these four lines are the sines 
of the angles AOP, AOQ, AOR, and AOS, respectively. 
Therefore, in absolvie valv£, 

BinA0P=BmA0Q = siinA0R=^^mA08. 

And from § 27 it follows that in absolute value the cosines 
of these angles are also equal ; and likewise the tangents, the 
cotangents, the secants, and the cosecants * 

Hence, /or every acute angle (AOP) there is an angle in each 
of the higher quadrants whose functions, in aisolute value, are 
eqiial to those of this acute angle. 

Let Z AOP =x, /.POB^y\ then a: + y==90^ and the 
functions of x are equal to the co-named functions of y (§ 4) ; 
further, 

AAOQ (in Quadrant II.) = 180** - a? = 90** -f- y, 
Z.AOR (in Quadrant III.) = 180** + a; = 270** - y, 
A AOS (in Quadrant IV.) = 360** - a; = 270** + y. 
Hence, if we prefix in each case the proper sign (§ 24), we 
have the two following series of Formulas : 



♦ In future, secants and cosecants will be disregarded. They may be found 
by [3] if wanted, but are seldom used in computations. 
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Angle in Quadrant II. 

sin (180° — x)= sin x, sin (90** + y) = cos y. 

cos (180° — a;) = — cos x, cos (90° + y) = — sin y. 

tan (180° - a;) = ~ tan a:. tan (90° + y) == - cot y. 

cot (180° - a:) = - cot a?. cot (90° + y) = - tany. 

Angle in Quadrant III. 

sin (180° + a;) = -- sin ar. sin (270° - y) = — cos y. 

cos (180° + a:) = — cos x. cos (270° — y) = — sin y. 

tan (180° + a:) = tana;. tan(270°-y)= coty. 

cot (180° + a:) = cot a?. cot(270°-y)= tany. 

Angle in Quadrant IV. 

sin (360° — x)== — sin x. sin (270° + y) = - cos y. 

cos (360° — a;) = cos a:. cos (270° + y) = sin y. 

tan (360° - a;) = - tana:. tan (270° + y) = - cot y. 

cot (360° - a;) = - cot a;. cot (270° + y) = - tany. 

Hence, by selecting the right formulas, 

The functions of all angles can be reduced to the functions of 
angles not greater than 45°. Thus, to find the functions of 
220° and 230°, we should consider 220° as (180° + 40°), but 
230° as (270° -40°). 

It is evident from these formulas that, 

If an acute angle be added to or subtracted from 180° or 860°f 
the functions of the resulting angle are equal in absolute value 
to the like-named /w?i<?^wm5 of the acute angle; but if an aoute 
angle be added to or subtracted from 90° or 270°, the functions 
of the resulting angle are equal in aisohde value to the co-named 
functions of the acute angle. 

It is evident from the formulas for (180° — x) that, 

A given value of a sine determines two supplementary angles^ 
one acvie^ the other obtuse ; a given value of any other function 
{except the cosecant) determines only one angle : acute if the 
value is positive^ obtuse if the value is negative. 
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§29. Angles whose Diffeeence is 90®. 

The general form of two such angles is x and 90° + a;, and 
they must lie in adjoining quadrants. The relations between 

their functions were found in 
§ 28, but only for the case when 
X is acute. These relations, how- 
ever, may be shown to hold true 
for all values of x. 

In a unit circle (Fig. 26) draw 
two diameters PR and QS per- 
pendicular to each other, and 
let fall to AA^ the perpendicu- 
lars PM, QH, RK, and 8N. 
The right triangles OMP, OHQ, 
OKR, and 0N8 are equal, because they have equal hypote- 
nuses and equal acute angles POM, OQH, ROK, and OSN. 

Therefore, 0M= QH^ OK = JV», 

and PM= 0S= KR = ON. 

Hence, taking also into account the algebraic sign, 

sin^OQ= cos ^OP; sin ^OxS' = cos -4 OP; 

cos ^0Q = - sin ^OP; cos^O/S = — sin ^OP; 

sin ^0P= cos^OQ; sin (360** -f-^ OP) = cos^OxS'; 

cos ^0P = - sin ^OQ; cos(360'' + ^ OP) = - sin ^0/^. 

In all these equations, if x denote the angle on the right-hand 
side, the angle on the left-hand side will be 90° -far. There- 
fore, if X be an angle in any one of the four quadrants, 

sin (90** + a;) = cos x, 

cos (90° -f ar) = — sin ar. 

And, by § 27, tan (90° -f ar) = - cot x, 

cot (90° + a;) = - tana;. 

In like manner, it can be shown that all the formulas of 
§ 28 hold true, whatever be the value of the angle x. 
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§30. FUNOTIOKS OF A NEGATIVE AnOLB. 

« 

If the angle ^ OP (Fig. 26) is denoted by a?, the equal angle 
AOSy generated by a backward rotation of the moving radius 
from the initial position OA, will be denoted by — ar. It is 
obvious that the position OS of the moving radius for this 
angle is identical with its position for the angle 360*^ — ar. 
Therefore, the functions of the angle — x are the same as those 
of the angle 360° -x; or (§ 28), 

sin (— a;) = — sin a;, tan (— . x) = — tanar, 

cos (— x) = cos Xj cot (— a?) = — cot x. 



Exercise X. 

1. Express sin 250° in terms of the functions of an acute 
angle greater than 45°, and also in terms of the functions of 
an acute angle less than 45°. 

Ans, 1. sin 250^ = sin (180** + 70^) = - sin 70^ 
2. sin250** = 8in(270**-20^) = -co820^ 

Express the following functions in terms of the functions of 
angles less than 45** : 

2. sinl72*'. 8. 8in204^ 14. sin 163** 49'. 

3. coslOO^ 9. cos359^ 15. cos 195** 33'. 

4. tanl25**. 10. tan300**. 16. tan269**15'. 

5. cot 9r. 11. cot264^ 17. cot 139** 17'. 

6. sec 110**. • 12. sec244^ 18. sec 299** 45'. 

7. cscl57^ 13. CSC 271**. 19. esc 92** 25'. 

Express all the functions of the following negative angles in 
terms of those of positive angles less than 45** : 

20. -75**. 22. -200**. 24. -52** 37'. 

21. -127**. 23. -345**. 25. -196** 54'. 
26. Find the functions of 120**. 

HOTT. 120^ ^ 180O - 60°, or, 120° = 90° + S(P ; then apply § 28. 
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Find the functions of the following angles : 

27. 135^ 29. 210**. 31. 240^ 33. -30^ 

28. 150^ 30. 225^ 32. 300^ 34. ~226^ 
36. Given 8inar = — Vl, and cosar negative ; find the other 

functions of x, and the value of x. 

36. Given cota: = — V3, and x in Quadrant II.; find the 
other functions of x^ and the value of x. 

37. Find the functions of 3540^. 

38. What angles less than 360° have a sine equal to — }? 
a tangent equal to — V3 ? 

39. Which of the angles mentioned in Examples 27-34 have 
a cosine equal to — VT? a cotangent equal to — V3? 

40. What values of x between 0° and 720° will satisfy the 
equation sin a: = + -J- ? 

41. In each of the following cases find the other angle be- 
tween 0° and 360° for which the corresponding function (sign 
included) has the same value : sin 12°, cos 26°, tan 45°, cot 72°; 
sin 191°, cos 120°, tan 244°, cot 357°. 

42. Given tan 238° = 1.6; find sin 122°. 

43. Given cos 333° = 0.89; find tan 117°. 
Simplify the following expressions : 

44. a cos (90° -x) + b cos (90° + x). 

45. m cos (90° - x) sin (90° - x), 

46. (a - b) tan (90° -x) + (a + l) cot (90° + x). 

47. a« + J«-2a6cos(180°-a:). 

48. sin(90° + rc)sin(180°+a:)+cos(90° + ar)cos(180°~ar). 

49. cos (180° +a:) cos (270° -y) -sin (180°+a;) sin (270° -y). 

50. tana; + tan (-y)- tan (180° -y). 

51. For what values of a; is the expression sinar + cosar 
positive, and for what values negative ? Represent the result 
by a drawing in which the sectors corresponding to the nega- 
tive values are shaded. 

52. Answer the question of last example for sin a: — cos ar. 

53. Find the functions of {x — 90°) in terms of the functions 
of ar. 

54. Find the functions of {x — 180°) in terms of the functions 
of a;. 
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§31. Functions of the Sum op Two Angles. 

In a unit circle (Fig. 27) let the angle AOB = x, the angle 
BOC=y\ then the angle AOC= 
x + y. 

In order to express sin(a; + y) 
and cos (a? + y) in terms of the 
sines and cosines of x and y, draw 
CFl. OA, CD ± OB, DEI. OA, 
D01.CF) then aZ> = siny, OD 
= cosy, and the angle DCO = 
the angle ODO = x. Also, 
sin {x + y) = CF= DE+ CO. 

DE 
OD 
CO 
CD 
Therefore, Biii(x + y) = sinz oosy + oobx siny. 

Again, cos (a: + y) = 0F=^ OE-DO. 

OE 

OD 

DO 

CD 
Therefore, ooB(x + y) = oosxooBy — sin x siny. [51 




: sina: ; hence, DE= sin a; X OD = sin a: cosy. 
= cosa: ; hence, CO = cosa: X CD = cosa; siny. 



= cosa; ; hence, 0E= cosa; X OD = cosa; cosy. 
- = sm a; ; hence, DO = sin ar X CD = sin x siny. 



[4] 



In this proof x and y, and also the sum x-{'yf are assumed 

to be acute angles. If the sum 
a7+y of the acute angles x and 
y is obtuse, as in Fig. 28, the 
proof remains, word for word, 
the same as above, the only dif- 
ference being that the sign of 
OFynll be negative, as DO is 

now greater than OE. The above formulas, therefore, hold 

true for all acute angles x and y. 
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If these fonnulas hold true for any two acute angles x and 
y, they hold true when one of the angles is increased by 90*. 
Thus, if for x we write x* = 90® + a:, then, by § 29, 

sin (a/H- y) = sin (90® + a: + y) = cos (a: + y), 
cos(a:'+ y) = cos (90® + a; + y) = — sin (a: + y). 

Hence, by [5], sin (a/^- y) == cosa: cosy — sin x siny, 
by [4], co8(a;'+ y) = — sinar cosy — cosa: siny. 

Now, by § 29, cosar = sin (90® + a:) = sin a:', 
sin a: = — cos (90® + a:) = — cosa?'. 

Therefore, by putting sin a/ for cosa?, and —cosa/ for sinai^ 
in the right-hand members of the above equations, 

sin (x^+i/) = sin a?' cosy + cosa?' siny, 
co8(a?'+ y) = cosa:' cosy — sin a?' sin y. 

Hence, it follows that Formulas [4] and [5] are universally 
true. For they have been proved true for any two acute 
angles, and also true when one of these angles is increased by 
90® ; hence they are true for each repeated increase of one or 
the other angle by 90®, and therefore true for the sum of any 
two angles whatever. 

By §27, 

/ , V Bin('a? + v) sin a? cos y + cos a? sin V 

tan(a: + y)= ) — r^= ^• 

cos(a? + y) cosa?cosy — sina?smy 

If we divide each term of the numerator and denominator of 
the last fraction by cosa? cosy, and again apply § 27, we obtain 

taa(x + y) = ,*^f+7y . [6] 

^ "^ 1 — tanxtany 

Tn like manner, by dividing each term of the numerator and 
denominator of the value of cot (a: + y) by sinar siny, we obtain 

oot(z + y) = ??^^^Ifi L7j 

^ "^ cotx + coty •■ "^ 
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§ 32. Functions of the Difference of Two Angles. 

In a unit circle (Fig. 29) let the angle AOB = x, the angle 
COB = y ; then the angle A00= 
x — y. 

In order to express sin(a: — y) 
and QQB{x — y) in terms of the 
sines and cosines of x and y, draw 

c:f±oa, cdjlob, dei. oa, 

Z> (7 ± i^C prolonged ; then CD=- 
siny, OD = coayj and the angle 
Z>(7(?=the angle ^i:>(7=a:. And, 
sin (a;~y)= CF= BE- CO, 

BE 

OB 

CO 

CB 
Therefore, sin (x — 7) = sin x cos 7 — cos x sin 7. [8] 

Again, cos (a; — y) = OF^ 0E+ BO. 

OE 
OB 

BO 




Fig. 29. 



- = sm a; ; hence, BE = sin a; X OB = sin x cosy. 
= cosa;; hence, CO = coax X CB = coax siay. 



-—■ = cos a; ; hence, OE = cos a; X OB = cosar cosy. 



CB 



= sin ar ; hence, BO = ainxX CB = sin x sin y. 



Therefore, cos (x — 7) = cos x cos 7 + sin x sin 7. 



[9] 



In this proof, both x and y are assumed to be acute angles ; 
but, whatever be the values of x and y, the same method of 
proof will always lead to Formulas [8] and [9], when due 
regard is paid to the algebraic signs. 

The general application of these formulas may be at once 
shown by deducing them from the general formulas established 
in §31, as follows: 

It is obvious that (x — y)-\-y = x. If we apply Formulas 
[4] and [5] to (x'-'y)-\' y, then 
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sin {(a; — y) + y{ or sin a? = sin (a? r- y) cosy + co8(a: — y) siny, 
co8\(x ^y) + j/l or cosar — cos(a:— y) cosy — sin (a? — y) siny. 

Multiply the first equation by cosy, the second by siny, 

sin X cosy = sin (a; — y) cos^y + cos (x — y) sin y cosy, 
cosa? siny = — sin (x — y) sin'y + cos(a; — y) siny cosy ; 

whence, by subtraction, 

sin a: cos y — cos a? sin y = sin (x ~ y) (sin*y + cos^y). 

But sin*y + cos^y = 1 ; therefore, by transposing, 

sin (x — y) = sin x cosy — cosa: siny. 

Again, if we multiply the first equation by sin y, the second 
equation by cosy, and add the results, we obtain, by reducing, 

cos (a; — y) = cos a: cos y + sin x sin y. 

Therefore, Formulas [8] and [9], like [4] and [5], from which 
they have been derived, are universally true. 

From [8] and [9], by proceeding as in § 31, we obtain 



tan(x — y) = zr-rz: 1-^-* 

^ ^^ l + tanxtany 



[10] 



cot (x — y) = — ^-^ [11] 

Formulas [4] -[11] may be combined as follows: 
sin (x dti/) = sin a; cosy ± cosa: siny, 
cos (a; zb y) = cosa: cosy =F sina: siny, 

. , V tana? ± tany 

tan(a: ± y) = , — r :— ^' 

^ ^"^ 1=F tana: tany 

. , V cotar coty =F 1 

cot (x±y)=^ — 7 ^— : — 

^ ^^ coty db cot a: 
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§33. Functions op Twice an Angle. 

If, in Forinulas [4] -[7], y- x, they become: 

sin 2x = 2Bmxoosx. [12J oob2x = oob*x — sin'x. [13] 

^ o 2tailX ri>n xo oot'x — 1 n ^n 

tan2x = = — -—g-' [14] oot2x = --5— - — . [15] 

By these formulas the functions of twice an angle are found 
when the functions of the a^hgle are given. 

§ 34. Functions of Half an Angle. 

Take the formulas 

cos* a? + sin* a: = 1 [1] 

cos* a: — sin* a: = cos 2 a; [13] 



Subtract, 2 sin* a; = 1 — cos 2 a: 

Add, 2 cos^a: = 1 + cos 2 a; 

Whence 



sina7 = 



II — cos2a: ^^„^ ^ f l + cos2a? 
r=d=-^ , co8a:=±^-i-^ 

These values, if z is put for 2ar, and hence Jz for x, become 
8in}z = ±.^^^^ [16] oo8}«=±->J5^l [17] 

Hence, by division (§ 27), 

tan}K = ±J?^. [18] ootjK=±JS^ [19] 

M + cosz ^ -^ M — coBZ 

By these formulas the functions of half an angle may be 
computed when the cosine of the entire angle is given. 

The proper sign to be placed before the root in each case 
depends on the quadrant in which the angle -J-z lies. (§ 24.) 

Let the student show from Formula [18] that 

tan J J? =^E^. (See page 19, Note 2J 
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§85. Sums and Diffebenoes of Fukotions. 

From [4], [5], [8], and [9], by addition and subtraction : 

fiin(a? + y) + flin(a; — y)=s 2Bina?cosy, 

sin (^ + y) — sin (a; — y) = 2cosa: siny, 

co8(a: -f-y) + co8(a: — y) = 2co82; cosy, 

co8(a: + y) — co8(ar — y) = — 28ina:sin y ; 

or, by making a: + y = -4, and x — y = B, 

and therefore, x = \(A -{•£), and y = ^(A — B), 

BmA + BinB= 2Biri^(A + B)ooBi(A-B). [20] 
8inA-BfaiB= 2ooB|(A + B)Bmi(A-B). [21] 
oobA + oobB= 2cosi(A + B)oo8i(A-B). [22] 
ooBA-oo8B = -2Bmi(A + B)8ini(A-B). [23] 
From [20] and [21], by division, we obtain 

sm-d — sm-o 
or. since coH(^-^) = ^-^^L__. 

ainA + ainB ^ taii|(A + B) r^. 

BinA-sinB tan^(A-By ^ ^ 

EXEBGISE XI. 

1. Find the value of 8in(a; + y) and cos(ar + y), when sin a? 
= I, cosa: = |, siny = ^, cosy = fj. 

2. Find sin (90** - y) and cos (90** - y) by making a: = 90** 
in Formulas [8] and [9]. 

Find, by Formulas [4] -[11], the first four functions of: 

3. 90** + y. 8. 360** -y. 13. -y. 

4. 180° -y. 9. 360** + y. 14. 45** -y. 

5. 180*' + y. 10. a:-90^ 15. 45** +y. 

6. 270*'-y. 11. a; -180**. 16. 30** + y. 

7. 270° +y. 12. a: -270°. 17. 60** -y. 
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18. Find sin 3 a? in terms of sin a;. 

19. Find cos 3 a? in terms of cos a:. 

20. Given tan^a: = 1 ; find cosa:. 

21. Given cot -J- a: = V3 ; find sina?. 

22. Given sina: == 0.2 ; find sin^a? and cos^a?. 

23. Given cosa; = 0.5 ; find cos 2a: and tan 2a?. 

24. Given tan 45° = 1 ; find the functions of 22** 30^. 

25. Given sin 30'* = 0.5 ; find the fiinctions-of 15^ 

26. Prove that tan 18» = ?^5^|Ji^^. 

cos 33° + cos 3"* 

Prove the following formulas : 

27. sin2:p=-2tan^. 29. tanjrr^: ^^^ 



1+tan'a? ' 1+cosa? 

28. cos2a?== ?"^A 30. coti:p = -^2£-. 

l + tan*a? ^ 1— cos^i 

31. sin Ja? zb cos Ja? = VI ± sina?. 

Qo tana?±tany . . 

dz. — -^ = d= tana? tan y. 

cot a? ± cot y ^ 

33. tan(45°-a;) = ?~^^ . 

^ ^ 1+tana? 

If A, B, Care the angles of a triangle, prove that: 

34. sin ^ + sin -B + sin (7= 4cos|-^ cos^^ cos-J- C. 

35. cos ^ + cos ^ + cos C=^ 1 + 4sin|-^ sin-J-^ sin -J- C. 

36. tan-4 + tan^ + tan(7=tan^Xtan^Xtan(7. 

37. coti^ + coti^ + coti(7=cot J^ X cot^^ X cot^G 

Change to forms more convenient for logarithmic computa- 
tion: 

38. cota? + tana?. 43. 1 + tana? tan y. 

39. cot a? — tana?. 44. 1 — tan a? tan y. 

40. cota? + tany. 45. cota?coty+l. 

41. cota? — tany. 46. cota?coty — 1. 
42 1^ cos 2a? ay, tana? + tany 

' l + co8 2a? * cot a? + cot y 



CHAPTER IV. 

THE OBLIQUE TRIANGLE. 

§ 36. Law of Sines. 

Let A, B, O denote the angles of a triangle ABO(Fi^. 30 
and 31), and a, S, c, respectively, the lengths of the opposite 



Draw CD1.AB, and meeting AB (Pig. 30) or AB pro- 
duced (Pig. 31) at D. Let CD = A. 




In both figures, - = sin -4. 
b 



In Pig. 30, 
In Pig. 31, 



- = sin B, 



= sin (180** - 5) = sin B, 



Therefore, whether h lies within or without the triangle, 
we obtain, by division, 



a__ 8inA 
i) sinB 



[26] 
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B7 drawing perpendiculars from the vertices A and £ to 
tlie opposite sides we may obtain, in the same way, 



5__8in-B 
c sin C 



sin^ 



a__ 

c sin (7 



Hence the Law of Sines, which may be thus stated : 
The sides of a triangle are proportional to the sines of the 
opposite angles. 

If we regard these three equations as proportions, and take 
them by alternation, it will be evident that they may be writ- 
ten in the symmetrical form, 



sin A sin B sin C 



Each of these equal ratiog has a simple geometrical mean- 
ing which will appear if the Law of Sines is proved as follows : 

Circumscribe a circle about the triangle ABC (Fig. 32), 
and draw the radii OA, OB, 0C\ 
these radii divide the triangle into 
three isosceles triangles. Let R 
denote th^ radius. Draw OM 
1. BC. By Geometry, the angle 
BOO =2A; hence, the angle 
BOM=A, then BM=Bam BOM 
^ BsinA. 

,\BCoTa = 2BBmA. 

In like manner, S = 2i?sin^, 

^and c = 2BsinC, Whence we 

obtain 

a h 




Rg. 32. 



2R-- 



sin^ sin J? sin (7 



That is : The ratio of any side of a triangle to the sine of the 
opposite angle is numerically equal to the diameter of the cir' 
cumscribed circle. 
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§ 87. Law of Cosines. 

This law gives the value of one side of a triangle in terms 
of the other two sides and the angle included between them. 

In Figs. 80 and 81, a« = A* + BL^. 

In Fig. 80, BD = c - AD ; 

in Fig. 81, BD = AD - c ; 

in both cases, BL^ = AI^-lc X AD'\'&, 

Therefore, in all cases, a* = A* + AIF + c* — 2c X AD. 

Now, h^'\-AI^^V, 

and AD =6 cos -4.. 

Therefore, a« = V + o*-2boooBA. [26] 

In like manner, it may be proved that 

J«==fl^ + c»~2accos-B, 
c> = a« + i«-2aAcosa 

The three formulas have precisely the same form, and the 
law may be stated as follows : 

Tlie squoLTe of any side of a triangle is equal to the sum of 
the squares of the other two sides, diminished by twice the 
product of the sides and the cosine of the included angle, 

§ 88. Law of Tangents. 

By § 36, a : i = sin^ : sin-B ; 

whence, by the Theory of Proportion, 

a— h sin ^ — sin jB 

a-\-b sin J. + sin ^ 

But by [24], page 48, 

sin ^ — sin ^ __ tan h{A— B) 

sin-4 + sin^ taniC^ + jB)* 
Therefore, 

a — b _ tajiKA — B) r^. 

a + b taiiJ(A + B)* ' ^ 
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By merely changing the letters, 

a + c tani(^+a)' b + c tanJ(J5+(7)' 

Hence the Law of Tangents : 

The difference of two sides of a triangle is to their sum as the 
tangent of half the difference of the opposite angles is to the tan- 
gent of half their svmfi. 

Note. If in [27] 6 > a, then B>A. The formula is still tme, but to 
avoid negative quantities, the formula in this case should be written 
h'-a _ \An\{B-'A) 
6 + a tan J (^ + A)' 

Exercise XII. 

1. What do the formulas of § 36 become when one of the 
angles is a right angle ? 

2. Prove by means of the Law of Sines that the bisector of 
an angle of a triangle divides the opposite side into parts pro. 
portional to the adjacent sides. 

8. What does Formula [26] become when A = 90** ? when 
^ = 0® ? when A = 180**? What does the triangle become in 
each of these cases ? 

Note. The case where A =» 90** explains why the theorem of J 37 is 
sometimes termed the Oerieralized Theorem of Pythagoras. 

4. Prove (Figs. 30 and 31) that whether the angle B is 
acute or obtuse c = acoaB+b cos -4. What are the two sym- 
metrical formulas obtained by changing the letters? What 
does the formula become when B = 90° ? 

5. From the three following equations (found in the last 
exercise) prove the theorem of § 37 : 

(? = a cos -B + J cos -4, 
i = a cos O -\-c cos A^ 
a = J cos C + ^ cos B, 
Hint. Multiply the first equation by c, the second by b, the third 
by a ; then from the first subtract the sum of the second and third. 
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6. In Formula [27] what is the maximum value of } {A—jB) ? 
of J (^+5)? 

7. Find the form to which Formula [27] reduces, and 
describe the nature of the triangle, when 

(i.) C7= 90^ ; (ii.) ^ - J5 = 9(f , and 5 = C. 

§ 39. The Given Parts of an Oblique Triangle. 

The formulas established in §§ 36-38, together with the 
equation -4 + -5 + ^= 180°, are sufficient for solving every 
case of an oblique triangle. The three parts that determine 
an oblique triangle may be : 

I. One side and two angles ; 
II. Two sides and the angle opposite to one of these sides ; 

III. Two sides and the included angle ; 

IV. The three sides. 

In all cases let A, B, C denote the angles, a, i, c the sides 
opposite these angles respectively. 



§ 40. Case I. 

Oiven one side a, and two angles A and B; find the remain- 
ing parts (7, J, and c. 
1. a=180°-(^ + 5). 

b^sinB , y a sin J? a 



2. -= 



3. ^ 



a sin A' 
£ __ sin (7 . 
a 



. C=' 



sin^ 
a sin (7 



sin -4 



X sinJ5. 



• X sin O. 



sin-4 ' ' sin J. sin -4 

Example, a = 24.31, A = 45° 18', J5 = 22° 11'. 
The work may be arranged as follows : 



a= 24.31 
A= 45° 18' 
B= 22° 11' 
A + B=^ 67°29' 

(7= 112° 31' 



loga = 1.38578 

colog8in^ = 0.14825 

logsin.g=: 9.57700 



logJ = 1.11103 
b = 12.913 



= 1.38578 

= 0.14825 

logsin (7^ 9.96556 

log (? = 1.49959 

(? = 31.593 
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Exercise XIII. 

1. Given a = 500, ^ = 10^12', J? = 46° 36'; 

find 0^= 123^2', i = 2051.48, c = 2362.61. 
2. 'Given a =795, ^ = 79^59', J? = 44M1'; 

find (7= 55° 20', h = 567.688, c = 663.986. 

3. Given a = 804, ^ = 99° 55', J? = 45°l'; 

find C= 35° 4', h = 577.313, c = 468.933. 

4. Given a = 820, ^ = 12° 49', J? = 141° 59'; 

find C7= 25° 12', b = 2276.63, c = 1573.89. 

5. Given c = 1005, A = 78° 19', B = 54° 27' ; 

find (7= 47° 14', a = 1340.6, h = 1113.8. 

6. Given h = 13.57, B = 13° 57', (7= 57° 13' ; 

find^ = 108°50', a = 53.276, c = 47.324. 

7. Given a = 6412, ^ = 70° 55', a=52°9'; 

findJ? = 56°56', & = 5685.9, c = 5357.5. 

8. Given h = 999, A = 37° 58', C= 65° 2' ; 

find.B = 77°, a = 630.77, <7 = 929.'48. 

9. In order to determine the distance of a hostile fort A 
from a place J5, a line BC and the angles ABC and BCA 
were measured, and found to be 322.55 yards, 60° 34', and 
56° 10', respectively. Find the distance AB, 

10. In making a survey by triangulation, the angles B and 
C" of a triangle ABO were found to be 50° 30' and 122° 9', 
respectively, and the length BC\a known to be 9 miles. Find 
AB and AO. 

11. Two observers 5 miles apart on a plain, and facing 
each other, find that the angles of elevation of a balloon in 
the same vertical plane with themselves are 55° and 58°, 
respectively. Find the distance from the balloon to each 
observer, and also the height of the balloon above the plain. 

12. In a parallelogram given a diagonal d and the angles 
X and y which this diagonal makes with the sides. Find the 
sides. Compute the results when c?= 11.237, x=^ 19° 1', and 
y = 42°54. 
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13. A lighthouse was observed from a ship to bear N. 34° E. ; 
after sailing due south 3 miles, it bore N.23°E. Find the dis- 
tance from the lighthouse to the ship in both positions. 

Note. The phrase to bear N. 34° K means that the line of sight to 
the lighthouse is in the north-east quarter of the horizon, and makes, 
with a line due north, an angle of 349. 

14. In a trapezoid given the parallel sides a and &, and the 
angles x and y at the ends of one of the parallel sides. Find 
the non-parallel sides. Compute the results when a = 15, 
ft = 7, a7 = 70^ y = 40^ 

Solve the following examples without using logarithms : 
16. Given i = 7.07107, ^ = 30^ a= 105** ; find a and c. 

16. Given c = 9.562, A = 45°, .B = 60° ; find a and 6. 

17. The base of a triangle is 600 feet, and the angles at the 
base are 30° and 120°. Find the other sides and the altitude. 

18. Two angles of a triangle are, the one 20°, the other 40°. 
Find the ratio of the opposite sides. 

19. The angles of a triangle are as 5 : 10 : 21, and the side 
opposite the smallest angle is equal to 3. Find the other 
sides. 

20. Given one side of a triangle equal to 27, the adjacent 
angles equal each to 30°. Find the radius of the circum- 
scribed circle. (See § 36, Remark.) 



§41. Case II. 

Oiven two sides a and J, and the angle A opposite to the 
side a ; find the remaining parts J?, (7, c. 

This case, like the preceding case, is solved by means of 
the Law of Sines. 

a- sin -S 5 .i « • 75 i sin A . 

Since -: — 7 = - therefore sinJ9 = ; 

BmA a a 

(7= 180° -(^ + J?). 

A 1 • c sin (7 ,1 /. a sin 

And since - = -: — 7, therefore c = — : — r-* 
a ^vclA sin J. 
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When an angle is determined by its sine it admits of two 
values, which are supplements of each other (§ 28); hence, 
either value of B may be taken unless excluded by the con- 
ditions of the problem. 

If a>h, then by Geometry A> JB, and JB must be acute 
whatever be the value of A; for a triangle can have only 
one obtuse angle. Hence, there is onej and only 0716, triangle 
that will satisfy the given conditions. 

If a = J, then by Geometry A = JB; both A and JB must be 
acute, and the required triangle is isosceles. 

If a < J, then by Geometry A<JBj and A must be acute 
in order that the triangle 

may be possible. If A is ^^ 

acute, it is evident from 
Fig. 33, where Z BA C=A, ^ 

AC^h OB^OB'=a, ^^^ / 

that the two triangles AOB ^/^ y 

and ACB^ will satisfy the ^^ .^ / 
given conditions^ provided ji ^'^-.^ 

a is greater than the per- ^ 

pendicular CP; that is, 

provided a is greater than J sin J. (§ 10). The angles ABC 
and AB'C are supplementary (since Z ABC — A BBC) \ 
they are in fact the supplementary angles obtained from the 

formula „• t? isin-4 

sm IS = 

a 

If, however, a = 5 sin ^ = CP (Fig. 33), then sin 5 = 1, 
B = 90°, and the triangle required is a right triangle, 

li a<b sin A, that is, < CP, then sin 5 > 1, and the tri- 
angle is impossible. 

These results, for convenience, may be thus stated : 

If a > i, or a = J, or if a = J sin A, One solution. 

If a < J, but > b sin A, and A < 90°, Two solutions. 

Iia<b and^>90^ or if a< 6sin^ and ^<90^ 

iVo solution. 
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The number of solutions can often be determined bj inspec- 
tion. If there is anj doubt, it may be removed by computing 
the value of b sin A, 

Or we may proceed to compute log sin B. If log sin J? = 0» 
the triangle required is a right triangle. If log sin J9>0, the 
triangle is impossible. If log sin £<0, there is one solution 
when a>b ; there are two solutions when a<&. 

When, there are two solutions, let B', 0*, c^, denote the un- 
known parts of the second triangle ; then, 

. a sin 0^ 



sin^ 



Examples. 
:16, 6 = 20, A^lOff"; 



find the remaining 



1. Given a- 

parts. 

In this ease a < &, and A > 90® ; therefore the triangle b impossible. 

2. Given a=»86, & = 80, A ==30^; find the remaining 
parts. 

Here we have 5 sin il «- 80 X } * 40 ; bo that a < 6 sin ii, and the 
triangle is impossible. 

3. Given a=72630,i=117480.^«8(f0' SO''; find ^. (?,<?. 



a^ 72630 
b - 117480 
ii-80«0»60» 



eolog a -6.13888 

log 5- 5.06996 

log sin il- 9.99337 



Here log sin £ > Oi 
.*. MO eolation. 



log sin ^-0.20221 
4. Given a = 13.2, i = 15.7M«= 67*13' 15;3''; ini B.O.c 



0-13.2 
6-15.7 
^-57° 13' 15.3'' 



Here log sin i? — 0, 
*. a tight triangle. 



cologa- 8.87943 

Iog6-U9690 

log sin ^-9.9 



log sin B- 0.00000 
J?-90«> 
.-. C-32<>46'44.7" 



« — 5 cos J. 

log5- 1.19590 

logcosii- 9.73352 

log =- 0.92942 
«-3i» 
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5. Given a = 767, i = 242, ^ = 36^53'2"; find 5, (7, c. 
a- 767 

^ = 36° 53' 2" 



colog 0=7.11620 

log b = 2.38382 

log sin .4 = 9.77830 

log sin i=. 9.27732 

-B = 10*»64'68" 
.-. C=-132oi2'0" 



log a -2.88480 

logsinC- 9.86970 

cologflin .4 = 0.22170 

log c = 2.97620 
c = 946.675 



Here a > 6, 
and log sin ^<0. 
.*. one solution. 

6. Given a = 177.01, i = 216.45, ^ = SS** 36' 20" ; find the 
other parts. 

a = 177.01 cologa« 7.75200 log a =2.24800 2.24800 

h = 216.45 log h = 2.33536 cologsin^ = 0.23493 0.23493 

A = 35« 36' 20" logsin il= 9.76507 log sin C= 9.99462 9.23034 



Here a < 5, 
and log sin ^ < 0. 
•-•<t£;o solutions. 



colog a = 7.75200 

log & = 2.33536 

log sin -4= 9.76507 

log sin JB = 9.85243 

JB = 45°23'28" 
orl34<»36'32" 
.•.C = 99°0'12" 
or 9^47' 8" 



logc=2.47755 1.71327 
c-300.29 or 51.674 



Exercise XIV. 

1. Determine the number of solutions in each of the fol- 
lowing cases : 

(i.)a = 80, 6 = 100, ^ = 30^ 

(ii.)a = 50, J = 100, ^ = 30^ 
(iii.) a = 40, b = 100, A = 30^ 
(iv.) a = 13.4, b = 11.46, A = IT 20'. 
(v.) a = 70, 6 = 75, ^ = 60°. 
(vi.) a = 134.16, h = 84.54, ^ = 52° 9' 11". 

2. Given a = 840, J = 485, ^ = 21° 31'; 

find J? = 12^3' 34", (7= 146** 15' 26", c= 1272.15. 

3. Given a = 9,399, J = 9.197, ^ = 120^35'; 

find B = 57^23' 40", C= 2° 1' 20', c = 0.38525. 

4. Given a = 91.06, 6 = 77.04, ^ = 51° 9' 6", 

find B = 41** 13', 0= 87° 37' 54", c = 116.82. 

5. Given a = 55.55, 6 = 66.66, J? = 77° 44' 40" ; 

find ^ = 54° 31' 13", (7= 47° 44' 7", (7 = 50.481. 
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6. Given a = 309, 6 = 360, ^=21" 14' 26"; 

find £ = 24° 57' 54", C= 133'"47'41", c = 615.67, 
5*= 155" 2' 6", C"=3''48'29", c'= 55.41. 

7. Given a = 8.716, i = 9.787, ^ = 38° 14' 12"; 

find .5 = 44° 1' 28", C=9r44'20", c= 13.954, 
J3'= 135° 58' 32", 0»= 5° 47' 16", </= 1.4208. 

8. Given a = 4.4, 6 = 5.21, ^ = 57° 37' 17"; 

find 5 = 90°, C= 32° 22' 43", c = 2.79. 

9. Given a = 34, 6 = 22, 5 = 30^20'; 

find ^ = 51° 18' 27", C= 98° 21' 33", c = 43.098, 

^'=128° 41' 33", C"=20°58'27", c'= 15.593. 

10. Given 6 = 19, c = 18, C=15°49'; 

find £ = 16° 43' 13", A = 147° 27' 47", a = 35.519, 

jB'=163°16'47", ^'=0°54'18", a!= 1.0415, 

11. Given o = 75, 6 = 29, 5 = 16° 15' 36" ; find the differ- 
ence between the areas of the two corresponding triangles. 

12. Given in a parallelogram the side a, a diagonal d, and 
the angle A made by the two diagonals ; find the other diag- 
onal. 

Special case : a = 35, d=6B, A = 21° 36' 30". 

§ 42. Case III. 

Given two sides a and 6 and the included angle C; find the 
remaining parts A, JB, and c. 

Solution I. The angles A and B may both be found by 
means of Formula [27], § 38, which may be written 

tan i (-4 - 5) = ^^ X tan i (^ + -»)• 
a-\-b 

Since iiA-\-B) = h (180° - O), the value of J (^ -f- 5) is 
known ; so that this equation enables us to find the value of 
i{A-B). We then have 

h{A + B) + h{A-B) = A, 
and i{A + B)-\iA~B) = B. 
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After A and B are known, the side c may be found by the 
Law of Sines, which gives its value in two ways, as follows : 



c = 



g sin C7 
sin-4 ' 



or c = 



isin(7 



sinJ? 



Solution II. The third side c may be found directly from 
the equation (§ 37) 

(7= Va' + ^>* — 2a6cos(7; 

and then, by the Law of Sines, the following equations for 
computing the values of the angles A and B are obtained ; 



sin -4 = a X 



sinC 



sin J? = i X 



sinC 



Solution III. If, in the triangle ABO (Fig. 34), BD is 
drawn perpendicular to the side 
AC, then 

BD BD 



tan^: 

Now 
and 

/.tan -4 = 



AD AC- DC 
BD = a sin C (§10), 
DC = a cos 0. 
a sin (7 



b — acosC 
By merely changing the letters, 

b sinC 




t&nB- 



a — bcoaC 



It is not necessary, however, to use both formulas. When 
one angle, as A, has been found, the other, B, may be found 
from the relation A + B+0= 180°. 

"When the angles are known, the third side is found by the 
Law of Sines, as in Solution I. 

Note. When all three unknown parts are required, Solution I. is the 
most convenient in practice. When only the third side c is desired, Solu- 
tion II. may he used to advantage, provided the values of a' and H* can 
be readily obtained without the aid of logarithms. But Solutions II. 
and III. are not adapted to logarithmic work. 
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Examples. 

1. Given a = 748, 6 = 875, (7= 63^ 35' 30" ; find A, B, 
and c. 



a + 6- 
a-6- 

\(A^B)^ 


1123 
373 

116«24'3(y' 
58<> 12^15" 


\(A'B)^ 
A^ 
5- 


28«l(y52" 
86^23' 7" 
3(y» 1'23'' 



log(a-6)-2.57171 

colog(a + 5} « 6.94961 

logtanH^+^-0.20766 



logtan}(^--B)-9.72898 
}(^-^)-28oi0'62'' 



log 6 -2.57403 

log sin C- 9.96214 

colog sin ^-0.30073 

log c- 2.82690 
c- 671.27 



Note. In the above Example we use the angle B in finding the side 
c, rather than the angle A, because A is near 90°, and therefore its sine 
should be avoided. 

2.' Given a = 4, c = 6, 5= 60**; find the third side ft. 
Here Solution II. may be used to advantage. We have 

6- Va« + c»-2acco8 5-V16 + 36-24->/§8; 

log 28 - 1.44716. log V28 - 0.72358, >/28 - 5.2915 ; 
that is, 6 - 5.2915. 



8. 



4. 



EXEBOISE XV. 




Given a =77.99, 


5 = 83.39, C-- 


= 72° 15'; [J38,N. 


find ^ = 51" 15', 


5 = 56° 30', 


c = 95.24. 


Given 5 = 872.5, 


c = 632.7, 


^ = 80°; 


find-B = 60»45', 


C=39°15', 


a =984.83. 


Given a =11, 


J = 12, 


C=59°17'; 


find^ = 77n2'53". 


5 = 43° 30' 7", 


c= 14.987. 


Given 5 = V5, 


<? = V3, 


^ = 35° 53'; 


find ^ = 93° 28' 36", 


C= 50° 38' 24", 


a = 1.313. 


Given a = 0.917, 


5 = 0.312, 


C=33°7'9"; 


find ^ = 132" 18' 27", 


5 = 14° 34' 24", 


c = 0.67748. 


Given a = 13.715, 


<? = 11.214, 


.8 = 15° 22' 36", 


find A = 118»55'49", 


C=45°41'35", 


5 = 4.1554. 


Given b = 3000.9, 


<?= 1587.2. 


^=86° 4' 4"; 


find 5 = 65" 13' 51", 


C=28°42'5", 


a = 8297.2. 
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8. Given a = 4527, i = 3465, (7= 66** 6' 27"; 

find A = 68^ 29' 15", B = 45'' 24' 18", c = 4449. 

9. Given a = 55.14, i = 83.09, (7=30^24'; 

find A = lir 24' 33", .J5 = 32^ 11' 27". c = 31.431. 

10. Given a = 47.99, ft = 33.14, (7=175^9' 10"; 

find ^ = 2'' 46' 8", 5 = r 54' 42", c = 81.066. 

11. If two sides of a triangle are each equal to 6, and the 
included angle is 60°, find the third side. 

12. If two sides of a triangle are each equal to 6, and the 
included angle is 120®, find the third side. 

13. Apply Solution I. to the case in which a = ft or the 
triangle is isosceles. 

14. If two sides of a triangle are 10 and 11, and the in- 
cluded angle is 50°, find the third side. 

15. If two sides of a triangle are 43.301 and 25, and the 
included angle is 30°, find the third side. 

16. In order to find the distance between two objects A 
and JB separated by a swamp, a station O was chosen, and the 
distances OA = 3825 yards, CJS = 3475.6 yards, together with 
the angle ACJB = 62° 31', were measured. Find the distance 
from A to JB, 

17. Two inaccessible objects A and B are each viewed 
from two stations C'and D 562 yards apart. The angle ACB 
is 62° 12', BOB 41° 8', ADB 60° 49', and AJDO 34° 51'; 
required the distance AB, 

18. Two trains start at the same time from the same station, 
and move along straight tracks that form an angle of 30°, one 
train at the rate of 30 miles an hour, the other at the rate of 
40 miles an hour. How far apart are the trains at the end 
of half an hour ? 

19. In a parallelogram given the two diagonals 5 and 6, 
and the angle that they form 49° 18'. Find the sides. 

20. In a triangle one angle = 139° 54', and the sides form- 
ing the angle have the ratio 5 : 9. Find the other two angles. 
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§ 43. Case IV. 

' Oiven the three aides a, b, c; find the angles A, B, O. 

The angles may be found directly from the formulas estab- 
lished in § 87. Thus, from the formula 

a? = J« + c« — 26(?cos^ 

we have cos A = — ' , 

2bc 

From this equation formulas adapted to logarithmic work 
are deduced as follows : 

For the sake of brevity, leta + i + (? = 2«; then h + c — a 
= 2(« — a), a — i + c = 2(« — i), and a + 6 — c = 2(« — c). 

Then the value of 1 — cos J. is 

2bc 2bc 2bc 

_ (a + b-c)(a-b + c) ___ 2(8'^b)(s-c) ^ 
2bc be • 

and the value of 1 + cos -4 is 

V + (?^df _^ 2bc + b^ + <?-a^ _ {b + c)^--a^ 
"^ 2bc 2bc 2bc 

_ (b + c + a){b + c-a) __ 28{8-a) 
2bc be ^ 

But from Formulas [16] and [17], § 34, it follows that 

1—^ cos J. = 2 sin*} -4, and 1 + cosu4 = 2cos'}X 

.•.2Bin«M = ^(^-y'-") , and 2co8»M = ?^%::^. 
be be 

whence sin } A = J (^-^H8~o) , [28] 

008^ = -^^^, [29] 

and therefore tan i A = f (s-b)(s-~o) jg^^ 

^ 8 (s — a) 
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By merely changing the letters, 

• ID l(s--a)(s — c) . .^ ^|(s — a)(«-i) 



^ 8{8 — 0) \ 5(« — C) 

There is then a choice of three different formulas for finding 
the value of each angle. If half the angle is very near 0°, 
the formula for the cosine will not give a very accurate result, 
because the cosines of angles near 0® differ little in value ; and 
the same holds true of the formula for the sine when half 
the angle is very near 90®. Hence, in the first case the 
formula for the sine, in the second that for the cosine, should 
be used. 

But, in general, the formulas for the tangent are to be 
preferred. 

It is not necessary to compute by the formulas more than 
two angles; for the third may then be found from the equation 

There is this advantage, however, in computing all three 
■ angles by the formulas, that we may then use the sum of the 
angles as a test of the accuracy of the results. 

In case it is desired to compute all the angles, the formulas 
for the tangent may be put in a more convenient form. 

The value of tan i A may be written 



ks^a)(s-b)(8-c) ^^ 1 ks-a)(s-^b)(s^c) 
\ 8 (a — ay 8 — a\ 8 

Hence, if we put 

^ (8-a)(B-b)(8"^ _,,^ [31] 

we have tan i A == • [32] 

s— a 
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In like manner, 

tanJJ? = 



taniC7=- 



Examples. 

1. Given a = 3.41, b = 2.G0, c = 1.58 ; find the angles. 

Using Formula [30], and the corresponding formula for tan i B, we 
may arrange the work as follows : 

a = 3.41 

6 = 2.60 
c = 1.68 

2« = 7.59 

8 = 3.795 

g _ a = 0.385 

8-6 = 1.195 

a- c = 2.215 



colog« = 9.42079 

colog(«- a) =-0.41454 

log(«- 6) = 0.07737 

log(a-c) = 0.34537 

2 )0.25807 

logtanJil = 0.12903 

}^= 63° 23' 20" 
^ = 106° 46' 40" 



colog«« 9.42079 — 10 

log(«-a)= 9.68646-10 

colog(«-6)= 9.92263-10 

log (« - c) = 0.34537 

2 )19.27425 - 20 

logtan}^= 9.63713-10 

}5= 23*26' 37'' 

B= 46° 63' 14'* 



.'.A + B^ 153° 39' 54". and O- 26° 20' 6". 

2. Solve Example 1 by finding all three angles by the use 
of Formulas [31] and [32]. 

Here the work may be compactly arranged as follows, if we find 
log tan Jul, etc., by subtracting log(8 — a), etc., from logr instead of 
adding the cologarithm : 



a = 3.41 
6 = 2.60 
c = 1.58 

2a = 7.59 

a = 3.795 

- a = 0.385 

- 6 = 1.195 
~c = 2.215 

2a = 7.590 (proof). 



log (a -a) 
log(a-6) 

I0g(8-C) 

colog a 
logr« 



. 9.58546 
'. 0.07737 
. 0.34537 
'. 9.42079 



9.42899 
logr =9.71450 



log tan } J. = 
log tan J .B = 
log tan J (7 = 

i5 = 
§(7 = 



10.12903 
9.63713 
9.36912 

63° 23' 20" 
23° 26' 37" 
13° W 3" 

^ = 106° 46' 40" 
B^ 46° 63' 14" 
C= 26° 20' 6" 



Proof, ^ + 5 + C - 180° 0' 0^ 

Note. Even if no mistakes are made in the work the sum of the 
three angles found as above may differ very slightly from 180° in conse- 
quence of the fact that logarithmic computation is at best only a method 
of close approximation. When a difference of this kind exists it should 
be divided among the angles according to the probable amount of error 
for each angle. 
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Exercise XVI. 

Solve the following triangles, taking the three sides as the 
given parts : 



1 


a 


h 


c 


A 


B 





51 


65 


20 


38^52' 48" 


126° 52' 12" 


14° 15' 


2 


78 


101 


29 


32<»10'54'' 


136°23»50" 


11° 25' 16" 


3 


111 


145 


40 


27^20' 32" 


143° 7' 48" 


9° 31' 40" 


4 


21 


26 


31 


42« 6' 13" 


56° 6' 36" 


81° 47' 11" 


5 


19 


34 


49 


16^25' 36" 


30° 24' 


133° 10' 24" 


6 


43 


50 


57 


46° 49' 35" 


57° 59' 44" 


75° 10' 41" 


7 


37 


58 


79 


26« 0^29" 


43° 25' 20" 


110° 34' 11" 


8 


73 


82 


91 


49° 34' 58" 


58° 46' 58" 


71° 38' 4" 


9 


14.493 


55.4363 


66.9129 


8° 20' 


33° 40' 


138° 


10 


v^ 


V6 


V7 


5P53'12" 


59° 31' 48" 


68° 35' 



11. Given a = 6, i = 8, c = 10 ; find the angles. 

12. Given a = 6, J = 6, <? = 10 ; find the angles. 

13. Given a = 6, J = 6, c = 6; find the angles. 

14. Given a = 6, J = 5, c = 12 ; find the angles. 

15. Given a == 2, h = V6, c = VS — 1 ; find the angles. 

16. Given a = 2, J = V6, c = V3 + l; find the angles. 

17. The distances between three cities -4, jB, and C are as 
follows : AB = 165 miles, A0= 72 miles, and B0= 185 miles. 
-S is due east from A. In what direction is O from A ? What 
two answers are admissible ? 

18. Under what visual angle is an object 7 feet long seen 
by an observer whose eye is 5 feet from one end of the object 
and 8 feet from the other end ? 

19. When Formula [28] is used for finding the value of an 
angle, why does the ambiguity that occurs in Case II. not 
exist? 

20. If the sides of a triangle are 3, 4, and 6, find the sine 
of the largest angle. 

21. Of three towns A, B, and (7, A is 200 miles from B 
and 184 miles from (7, B is 150 miles due north from 0\ how 
far is A north of O? 
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§44. Abea of a Tbianole. 

If i^ denote the area of the triangle ABO, (Fig. SO or 31, 
page 50), then, by Geometry, 

F^hcX CD. 

By §10, CD = a sin ^. 

Therefore, P = J ao sinB. [33] 

And, in like manner, 

F^lahBinO and F^khcBiuA. 

That is : The area of a triangle is equal to half the product 
of two sides and the sine of the included angle. 

By Formula [33] the area of a triangle may be found directly 
when two sides and the included angle are given ; in the other 
cases the formula may be used when these parts have been 
computed. 

When the three sides of a triangle are given, as in Case IV., 
a formula for its area may be found as follows : 

By §33, sinj5 = 2sin}^Xcos}^. 

By substituting for sin } B and cos } B their values in terms 

of the sides given in § 43, 

2 
sin j5 = — V«(s — a) (s — h) {s — c). 

By substituting this value of sin B in [33], 

P = Vs(s--a)(s-b)(s-c). [34] 

If R denote (as in § 36) the radius of the circumscribed 



circle, we have, from § 36, 



sin^ = -^. 
2R 



By substituting this value of sin B in [33], 

abo 
4E' 



P^5bo. [-353 



THE OBLIQUE TEIANGLE. 69 

If r denote the radius of the inscribed circle, and we divide 
tlie triangle into three triangles by lines from the centre of 
tliis circle to the vertices, the altitude of each of the three tri- 
angles is equal to r. Therefore, 

P=}r(a + b + c)=rB. [36] 

By substituting in this formula the value of -F given in [34], 



.=.J5E£ 



— a) (a — b) (a — c). 



wlience r, in [31] § 43, is equal to the radius of the inscribed 
circle. 

Exercise XVII. 
Find the area : 

1. Given a = 4474.5, b = 2164.5, 0= 116^ 30' 20". 



2. 


Given b = 21.66, 


c = 36.94, ^ = 66° 4' 19". 


3. 


Given a = 510, 


0=173, 5 = 162»30'28". 


4. 


Given a = 408, 


i = 41, c = 401. 


5. 


Given a = 40, 


J = 18, c = 37. 


6. 


Given a = 624, 


6 = 205, c = 445. 


7. 


Given b = 149, 


A = 70° 42' 30", £ = 39° 18' 28". 


8. 


Given a = 215.9, 


c = 307.7, ^ = 25" 9' 31". 


9. 


Given J = 8, 


c = 5, ^ = 60°. 


10. 


Given a =7, 


c = 3, ^ = 60°. 


11. 


Given a =60, B 


= 40° 35' 12", area = 12; find the 



radius of the inscribed circle. 

12. Obtain a formula for the area of a parallelogram in 
terms of two adjacent sides and the included angle. 

13. Obtain a formula for the area of an isosceles trapezoid 
in terms of the two parallel sides and an acute angle. 

14. Two sides and included angle of a triangle are 2416, 
1712, and 30° ; and two sides and included angle of another 
triangle are 1948, 2848, and 150° ; find the sum of their areas 

15. The base of an isosceles triangle is 20, and its area is 
100 ^V3; find its angles. 
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EXEEOISE XVIII. 

1. From a ship sailing down the English Ohannel the Sddy- 
stone was observed to bear N. 33® 45' W. ; and after the ship 
had sailed 18 nules S. 67® 30' W. it bore N. 11® 15' E. Find 
its distance from each position of the ship. 

2. Two objects, A and jB, were observed from a ship to 
be at the same instant in a line bearing N. 15° E. The ship 
then sailed north-west 5 miles, when it was found that -4. bore 
due east and JB bore north-east. Find the distance from A 
toB, 

3. A castle and a monument stand on the same horizontal 
plane. The angles of depression of the top and the bottom of 
the monument viewed from the top of the castle are 40° and 
80® ; the height of the castle is 140 feet. Find the height of 
the monument. 

4. If the sun's altitude is 60®, what angle must a stick make 
with the horizon in order that its shadow in a horizontal 
plane may be the longest possible? 

5. If the sun*s altitude is 30®, find the length of the longest 
shadow cast on a horizontal plane by a stick 10 feet in length. 

6. In a circle with the radius 3 find the area of the part 
comprised between parallel chords whose lengths are 4 and 5. 
(Two solutions.) 

7. A and By two inaccessible objects in the same horizontal 
plane, are observed from a balloon at O and from a point D 
directly under the balloon, and in the same horizontal plane 
with A and B. If CD = 2000 yards, Z ACD = 10® 15' 10", 
Z BOB = 6® 7' 20", Z, ADB = 49® 34' 50", find AB, 

8. A and B are two objects whose distance, on account of 
intervening obstacles, cannot be directly measured. At the 
summit (7 of a hill, whose height above the common horizontal 
plane of the objects is known to be 517.3 yards, Z AQB is 
found to be 15® 13' 15". The angles of elevation of (7 viewed 
from A and B are 21® 9' 18" and 23® 15' 34" respectively. 
Find the distance from A to B. 



MISCELLANEOUS PROBLEMS. 

[Selected by permission from "Problems in Plane Trigonometry," 
published by Charles W. Sever, Cambridge.] 

1. The angular distance of any object from a horizontal 
plane, as observed at any point of that plane, is the angle 
which a line drawn from the object to the point of observa- 
tion makes with the plane. If the object observed be situated 
above the horizontal plane (that is, if it is farther from the 
earth's centre than the plane is), its angular distance from 
the plane is called its angle of elevation. If the object be 
below the plane, its angular distance from the plane is called 
its angle of depression. These angles are evidently vertical 
angles. 

If two objects are in the same horizontal plane with the 
point of observation, the angular distance of one object from, 
the other is called its bearing from that object. 

If two objects are not in the same horizontal plane with 
either each other or the point of observation, we may suppose 
vertical lines to be passed through the two objects, and to 
meet the horizontal plane of the point of observation in two 
points. The angular distance of these two points is the bear- 
ing of either of the objects from the other. It may also be 
called the horizontal distance of one object from the other. 



Note. " Problems in Plane Trigonometry " can be obtained in pam- 
phlet form of Charles W. Sever, Cambridge, Mass. 
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Right Triangles. 

2. The angle of elevation of a tower is 48° 19' 14'^, and the 
distance of its base from the point of observation is 95 ft. Find 
the height of the tower, and the distance of its top from the 
point of observation. 

3. From a mountain 1000 ft. high, the angle of depression 
of a ship is 77® 35' 11". Find the distance of the ship from- 
the summit of the mountain. 

4. A flag-staff 90 ft. high, on a horizontal plane, casts a 
shadow of 117 ft. Find the altitude of the sun. 

5. When the moon is setting at any place, the angle at the 
moon subtended by the earth's radius passing through that 
place is 57' 3". If the earth's radius is 3956.2 miles, what is 
the moon's distance from the earth's centre ? 

6. The angle at the earth's centre subtended by the sun's 
radius is 16' 2", and the sun's distance is 92,400,000 miles. 
Find the sun's diameter in miles. 

7. The latitude of Cambridge, Mass., is 42° 22' 49". What 
is the length of the radius of that parallel of latitude ? 

8. At what latitude is the circumference of the parallel 
half of that of the equator ? 

9. In a circle with a radius of 6.7 is inscribed a regular 
polygon of thirteen sides. Find the length of one of its sides. 

10. A regular heptagon, one side of which is 5.73, is in- 
scribed in a circle. Find the radius of the circle. 

11. A tower 93.97 ft. high is situated on the bank of a 
river. The angle of depression of an object on the opposite 
bank is 25'' 12' 54". Find the breadth of the river. 
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12. From a tower 58 ft. high the angles of depression of 
two objects situated in the same horizontal line with the base 
of the tower, and on the same side, are 80^ 18' 18'' and 45^ 
46' 14". Find the distance between these two objects. 

13. Standing directly in front of one corner of a flat-roofed 
house, which is 150 ft. in length, I observe that the horizontal 
angle which the length subtends has for its cosine -y/^, and 
that the vertical angle subtended hj its height has for its sine 

. What is the height of the house? 

V34 

14. A regular pyramid, with a square base, has an edge 
150 ft. in length, and the length of a side of its base is 200 ft. 
Find the inclination of the face of the pyramid to the base. 

15. From one edge of a ditch 36 ft. wide, the angle of ele- 
vation of a wall on the opposite edge is 62° 39' 10". Find the 
length of a ladder which will reach from the point of observa- 
tion to the top of the wall. 

16. The top of a flag-staff has been broken off, and touches 
the ground at a distance of 15 ft. from the foot of the staff. 
The length of the broken part being 39 ft., find the whole 
length of the staff. 

17. From a balloon, which is directly above one town, is 
observed the angle of depression of another town, 10° 14' 9". 
The towns being 8 miles apart, find the height of the balloon. 

18. From the top of a mountain 3 miles high the angle of 
depression of the most distant object which is visible on the 
earth's surface is found to be 2° 13' 50". Find the diameter 
of the earth. 

19. A ladder 40 ft. long reaches a window 33 ft. high, on 
one side of a street. Being turned over upon its foot, it 
reaches another window 21 ft. high, on the opposite side of 
the street. Find the width of the street. 
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20. The height of a house subtends a right angle at a win- 
dow on the other side of the street ; and the elevation of the 
top of the house, from the same point, is 6(f • The street is 
80 ft. wide. How high is the house ? 

21. A lighthouse 54 ft. high is situated oh a rock. The 
elevation of the top of the lighthouse, as observed from a ship, 
is ^ 52', and the elevation of the top of the rock is 4* 2f, 
Find the height of the rock, and its distance from the ship. 

22. A man in a balloon observes the angle of deprcRsion of 
an object on the ground, bearing south, to be 85° 30'; tlie 
balloon drifts 2h miles east at the same height, when the angle 
of depression of the same object is 28° 14'. Find the height 
of the balloon. > 

28. A man standing south of a tower, on the same horizon* 
tal plane, observes its elevation to be 54° 16' : he goes east 
100 yds., and then finds its elevation is 50° 8'. Find the 
height of the tower. 

24. The elevation of a tower at a place A south of it is 80** ; 
and at a place B, west of A, and at a distance of a from it, the 
the elevation is 18°. Show that the height of the tower is 

^ -the tangent of 18° being V5 - 1 



V(2+2V5) V(10 + 2V5) 

25. A pole is fixed on the top of a mound, and the angles 
of elevation of the top and the bottom of the pole are 60° and 
80°. Prove that the length of the pole is twice the height of 
the mound. 

26. At a distance (a) from the foot of a tower, the angle 
of elevation {A) of the top of the tower is the complement of 
the angle of elevation of a flag-staff on top of it. Show that 
the length of the staff is 2 a cot 2 A. 

27. A line of true level is a line every point of which is 
equally distant from the centre of the earth. A line drawn 
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tangent to a line of true level at any point is a line of appar- 
ent level. If at any point both these lines be drawn, and 
extended one mile, find the distance they are then apart. 

28. In Problem 2, determine the effect upon the computed 
height of the tower, of an error in either the angle of eleva- 
tion or the measured distance. 

Oblique Tbiangleb. 

29. To determine the height of an inaccessible object situ- 
ated on a horizontal plane, by observing its angles of elevation 
at two points in the same line with its base, and measuring 
the distance of these two points. 

80. The angle of elevation of an inaccessible tower, situated 
on a horizontal plane, is 63^ 26' ; at a point 500 ft. farther 
from the base of the tower the elevation of its top is 32* 14'. 
Find the height of the tower. 

81. A tower is situated on the bank of a river. From the 
opposite bank the angle of elevation of the tower is 60® 13', 
and from a point 40 ft. more distant the elevation is. 50** 19'. 
Find the breadth of the river. 

82. A ship sailing north sees two lighthouses 8 miles apart, 
in a line due west ; after an hour's sailing, one lighthouse bears 
S.W., and the other S.S.W. Find the ship's rate. 

33. To determine the height of an accessible object situated 
on an inclined plane. 

34. At a distance of 40 ft. from the foot of a tower on an 
inclined plane, the tower subtends an angle of 41° 19' ; at a 
point 60 ft. farther away, the angle subtended by the tower is 
23° 45'. Find the height of the tower. 

35.^ A tower makes an angle of 113° 12' with the inclined 
plane on which it stands ; and at a distance of 89 ft. from its 
base, measured down the plane, the angle subtended by the 
tower is 23° 27'. Find the height of the tower. 
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86. From the top of a house 42 ft. high, the angle of eleva- 
tion of the top of a pole is 14^ 13' ; at the bottom of the house 
it is 23'* 19'. Find the height of the pole. 

37. The sides of a triangle are 17, 21, 28 ; prove that the 
length of a line bisecting the greatest side and drawn from 
the opposite angle is 18. 

38. A privateer, 10 miles S.W. of a harbor, sees a ship sail 
from it in a direction S. 80® E., at a rate of 9 miles an hour. 
In what direction, and at what rate, must the privateer sail 
in order to come up with the ship in 1^ hours ? 

39. A person goes 70 yds. up a slope of 1 in 8^ from the 
edge of a river, and observes the angle of depression of an ob- 
ject on the opposite shore to be 2:^*. Find the breadth of the 
river. 

40. The length of a lake subtends, at a certain point, an 
angle of 46® 24', and the distances from this point to the two 
extremities of the lake are 846 and 290 ft. Find the length 
of the lake. 

41. Two ships are a mile apart. The angular distance of 
the first ship from a fort on shore, as observed from the second 
ship, is 35® 14' 10" ; the angular distance of the second ship 
from the fort, observed from the first ship, is 42® 11' 63". Find 
the distance in feet from each ship to the fort. 

42. Along the bank of a river is drawn a base line of 500 
feet. The angular distance of one end of this line from an 
object on the opposite side of the river, as observed from the 
other end of the line, is 53® ; that of the second extremity 
from the same object, observed at the first, is 79® 12'. Find 
the perpendicular breadth of the river. 

43. A vertical tower stands on a declivity inclined 15® to 
the horizon. A man ascends the declivity 80 ft. from the base 
of the tower, and finds the angle then subtended by the tower 
to be 30®. Find the height of the tower. 
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44. The angle subtended by a tower on an inclined plane 
is, at a certain point, 42® 17' ; 326 ft. farther down, it is 2V* 
47'. The inclination of the plane is S'* 53'. Find the height 
of the tower. 

45. A cape bears north by east, as seen from a ship. The 
ship sails northwest 30 miles, and then the cape bears east. 
How far is it from the second point of observation ? 

46. Two observers, stationed on opposite sides of a cloud, 
observe its angles of elevation to be 44° 56' and 36° 4'. Their 
distance from each other is 700 ft. What is the linear height 
of the cloud? 

47. From a point B at the foot of a mountain, the eleva- 
tion of the top A is 60°. After ascending the mountain one 
mile, at an inclination of 30° to the horizon, and reaching a 
point C, the angle ACB is found to be 135°. Find the height 
of the mountain in feet. 

48. From a ship two rocks are seen in the same right line 
with the ship, bearing N. 15° E. After the ship has sailed 
northwest 5 miles, the first rock bears east, and the second 
northeast. Find the distance between the rocks. 

49. From a window on a level with the bottom of a steeple 
the elevation of the steeple is 40°, and from a second window 
18 ft. higher the elevation is 37° 30'. Find the height of the 
steeple. 

50. To determine the distance between two inaccessible 
objects by observing angles at the extremities of a line of 
known length. 

51. Wishing to determine the distance between a church A 
and a tower B, on the opposite side of a river, I measure a 
line CD along the river (C being nearly opposite A), and ob- 
serve the angles ACB, 58° 20' ; ACB, 95° 20' ; ABB, 53° 30'; 
BBO, 98* 45'. OB is 600 ft. What is the distance required ? 
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52. Wishing to find the height of a summit A, I measure 
a horizontal base line CD, 440 yds. At (7, the elevation of -4 
is 37^ 18', and the horizontal angle between D and the sum- 
mit is 76° 18' ; at D, the horizontal angle between C and tlie 
summit is 67'* 14'. Find the height. 

53. A balloon is observed from two stations 3000 ft. apart. 
At the first station the horizontal angle of the balloon and the 
other station is 75** 25', and the elevation of the balloon is 18**. 
The horizontal angle of the first station and the balloon, meas- 
ured at the second station, is 64° 30'. Find the height of the 
balloon. 

54. Two forces, one of 410 pounds, and the other of 320 
pounds, make an angle of 51° 37'. Find the intensity and the 
direction of their resultant. 

. 55. An unknown force, combined with one of 128 pounds, 
produces a resultant of 200 pounds, and this resultant makes 
an angle of 18° 24' with the known force. Find the intensity 
and direction of the unknown force. 

56. At two stations, the height of a kite subtends the same 
angle {A), The angle which the line joining one station and 
the kite subtends at the other station is B ; and the distance 
between the two stations is a. Show that the height of the 
kite is ^a sin A sec B, 

57. Two towers on a horizontal plane are 120 ft. apart. A 
person standing successively at their bases observes that the 
angular elevation of one is double that of the other ; but, when 
he is half-way between them, the elevations are complementary. 
Prove that the heights of the towers are 90 and 40 ft. 

58. To find the distance of an inaccessible point C firom 
either of two points A and B, having no instruments to meas- 
ure angles. Prolong CA to a, and CB to J, and join AB, Ab, 
and Ba. Measure AB, 500; aA, 100; aB, 560; IB, 100; 
and Ab, 550. 
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59. Two inaccessible points A and -B, are visible from -D, 
but no other point can be found whence both are visible. 
Take some point C, whence A and D can be seen, and meas- 
ure CD 200 ft. ; ABC, 89° ; ACD, 50° 30'. Then take some 
point E, whence D and B are visible, and measure DE, 200 ; 
BDE, 64° 30' ; BED, 88° 30'. At D measure ADB, 72° 30'. 
Compute the distance AB. 

60. To compute the horizontal distance between two inac- 
cessible points A and J5, when no point can be found whence 
both can be seen. Take two points C and Z), distant 200 yds. 
so that A can be seen from C, and B from D, From C meas- 
ure CF, 200 yds. to F, whence A can be seen ; and from D 
measure DE, 200 yds. to E, whence B can be* seen. Measure 
AFC, 83°; ACD, 53° 30'; ACF, 54° 31'; BDE, 54° 30'; 
BBC, 156° 25' ; DEB, 88° 30'. 

61. A column in the north temperate zone is east-southeast 
of an observer, and at noon the extremity of its shadow is 
northeast of him. The shadow is 80 ft. in length, and the 
elevation of the column, at the observer's station, is 45°. Find 
the height of the column. 

62. From the top of a hill the angles of depression of two 
objects situated in the horizontal plane of the base of the hill 
are 45° and 30° ; and the horizontal angle between the two 
objects is 30°. Show that the height of the hill equals the 
distance between the objects. 

63. Wishing to know the breadth of a river from A to B, 
I take AC, 100 yds. in the prolongation of BA, and then take 
CD, 200 yds. at right angles to AC. The angle BDA is 37° 
18' 30". Find^J5. 

64. The sum of the sides of a triangle is 100. The angle 
at A is double that of B, and the angle at -B is double that 
at C Determine the sides. 
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65. If sin*^ + 5 cos*^ = 8, find A. 

66. If 8in*-4 = m COB -4 — n, find cos -4. 

67. Given B\nA = m sin £, and tan ^ = n tan B, find sin A 
and cos B, 

68. If tan*^ + 4 sinM = 6, find A. 

69. If sin A = sin 2 A, find A. 

70. Iftan2^ = 3 tan ^, find ^. 

71. Prove that tan 50** + cot 50** = 2 sec 10**. 

72. Given a regular polygon of n sides, and calling one of 
them a, find expressions for the radii of the inscribed and the 
circumscribed circle in terms of n and a. 

If P, JTy D be the sides of a regular inscribed pentagon, 
hexagon, and decagon, prove P' = -EP + Z)". 

Areas. 

73. Obtain the formula for the area of a triangle, given two 
sides 4, c, and the included angle A, 

74. Obtain the formula for the area of a triangle, given two 
angles A and P, and included side c, 

75. Obtain the formula for the area of a triangle, given the 
three sides. 

76. If a is the side of an equilateral triangle, its area is 
aV3 

4 

77. Two consecutive sides of a rectangle are 52.25 ch. and 
38.24 ch. Find its area. 

78. Two sides of a parallelogram are 59.8 ch. and 37.05 ch., 
and the included angle is 72® 10'. Find the area. 

79. Two sides of a parallelogram are 15.36 ch. and 11.46 
ch., and the included angle is 47® 30'. Find its area. 
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80. Two sides of a triangle are 12.38 cli. and 6.78 ch., and 
the inclined angle is 46® 24'. Find the area. 

81. Two sides of a triangle are 18.37 ch. and 13.44 ch., and 
they form a right angle. Find the area. 

82. Two angles of a triangle are 76^* 54' and bT 33' 12^ 
and the included side is 9 ch. Find the area. 

83. Two sides of a triangle are 19.74 ch. and 17.34 ch. 
The first bears N. 82° 30' W. ; the second, S. 24° 15' E. Find 
the area. , 

84. The three sides of a triangle are 49 ch., 50.25 ch., and 
25.69 ch. Find the area. 

85. The three sides of a triangle are 10.64 ch., 12.28 ch., 
and 9 ch. Find the area. 

86. The sides of a triangular field, of which the area is 14 
acres, are in the ratio of 3, 5, 7. Find the sides. 

87. In the quadrilateral ABCI) we have AB, 17.22 ch.; 
AJD, 7.45 ch. ; CD, 14.10 ch. ; BC, 5.25 ch. ; and the diago- 
nal ACj 15.04 ch. Required the area. 

88. The diagonals of a quadrilateral are a and J, and they 
intersect at an angle D. The area of the quadrilateral is 
^ ah sin B, 

89. The diagonals of a quadrilateral are 34 and 56, inter- 
secting at an angle of 67°. Find the area. 

90. The diagonals of a quadrilateral are 75 and 49, inter- 
secting at an angle of 42°. Find the area. 

91. The area of a regular polygon of n sides, of which one 

. wa* .180® 

18 a, IS —- cot 

4 n 

92. One side of a regular pentagon is 25. Find the area. 

93. One side of a regular hexagon is 32. Find the area. 
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94. One side of a regular decagon is 46. Find the area. 

95. Find the area of a circle whose circumference is 74 ft 

96. Find the area of a circle whose radius is 125 ft. 

97. In a circle with a diameter of 125 ft. find the area of a 
sector with an arc of 22°. 

98. In a circle with a radius of 44 ft. find the area of a 
sector with an arc of 25^. 

99. In a circle with a diameter of 50 ft- find the area of a 
segment with an arc of 280°. 

100. Find the area of a segment (less than a semicircle), of 
which the chord is 20, and the distance of the chord from the 
middle point of the smaller arc is 2. 

101. If r is the radius of a circle, the area of a regular cir- 

180° 

cumscribed polygon of n wdes is nr^ tan • 

n 

The area of a regular inscribed polygon is - r* sin • 

102. If a is a side of a regular polygon of n sides, the area 

of the inscribed circle is — — cot* • 

4 n 

ira* 180* 

The area of the circumscribed circle is —-esc' • 

4 n 

103. The area of a regular polygon inscribed in a circle is 
to that of the circumscribed polygon of the same number of 
sides as 3 to 4. Find the number of sides. 

104. The area of a regular polygon inscribed in a circle is 
a geometric mean between the areas of an inscribed and a cir- 
cumscribed regular polygon of half the number of sides. 

105. The area of a circumscribed regular polygon is an har- 
monic mean between the areas of an inscribed regular polygon 
of the same number of sides, and of a circumscribed regular 
polygon of half that number. 
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106. The perimeter of a circumscribed regular triangle is 
double that of the inscribed regular triangle. 

107. The square described about a circle is four-thirds the 
inscribed dodecagon. 

108. Two sides of a triangle are 3 and 12, and the included 
angle is 30®. Find the hypotenuse of an isosceles right tri- 
angle of equal area. 

Plane Sailinq. 

109. Plane Sailing is that branch of Navigation in which 
the surface of the earth is considered a plane. The problems 
which arise are therefore solved by the methods of Plane 
Trigonometry. 

The following definitions will explain the technical terms 
which are employed : 

The difference of latitude of two places is the arc of a merid- 
ian comprehended between the parallels of latitude passing 
through those places. 

The departure between two meridians is the arc of a par- 
allel of latitude comprehended between those meridians. It 
evidently diminishes as the distance from the equator at which 
it is measured increases. 

"When a ship sails in such a manner as to cross successive 
meridians at the same angle, it is said to sail on a rhumb-line. 
The constant angle which this line makes with the meridians 
is called the course, and the distance between two places is 
measured on a rhumb-line. 

If we neglect the curvature of the earth, and consider the 
distance, departure, and difference of latitude of two places to 
be straight lines, lying in one plane, they will form a right 
triangle, called the triangle of plane sailing. If ABD be a 
plane triangle, right-angled at JD, and AD represent the dif- 
ference of latitude of A and -B, DAB will be the course from 
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AtoB, AB the distance, and DB the departure, measured 
from B, between the meridian of A and that of B. 

110. Taking the earth's equatorial diameter to be 7925.6 
miles, find the length in feet of the arc of one minute of a 
great circle * 

111. A ship sails from latitude 43® 45' S., on a course N. 
by E., 2345 miles. Find the latitude reached, and the 
departure made. 

112. A ship sails from latitude 1* 45' N., on a course S.E. 
by E., and reaches latitude 2® 31' S. Find the distance, and 
the departure. 

113. A ship sails from latitude 13** 17' S., on a course N.E. 
by E. I E., until the departure is 207 miles. Find the dis- 
tance, and the latitude reached. 

114. A ship sails on a course between S. and E., 244 
miles, leaving latitude 2° 52' S., and reaching latitude 5° 8' 
S. Find the course, and the departure. 

115. A ship sails from latitude 32** 18' N., on a course be- 
tween N. and W., making a distance of 344 miles, and a 
departure of 103 miles. Find the course, and the latitude 
reached. 

116. A ship sails on a course between S. and E., making 
a difference of latitude 136 miles, and a departure 203 miles. 
Find the distance, and the course. 

117. A ship sails due north 15 statute miles an hour, for 
one day. What is the distance, in a straight line, from the 
point left to the point reached ? (Take earth's radius, 3962.8 
statute miles.) 

* The length of the arc of one minute of a great circle of the earth 
is called a geographical mile, or a knot. In the following prohlems, this 
is the distance meant hy the term " mile," unless otherwise stated. 
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Paballel and Middle Latitude Sailing. 

118. The difference of longitude of two places is the angle 
at the pole made hy the meridians of these two places ; or, it 
is the arc of the equator comprehended between these two 
meridians. 

119. In Parallel Sailing, a vessel is supposed to sail on a 
parallel of latitude; that is, either due east or due west. 
The distance sailed is, in this case, evidently the departure 
made ; and the difference of longitude made depends on the 
solution of the following problem : 

120. Given the departure between any two meridians at 
any latitude, find the angle which those meridians make, 
or the difference of longitude of any point on one meridian 
from any point on the other. (The earth is considered to 
be a perfect sphere, and the solution depends on simple 
geometric and trigonometric principles. Cf. Problem 7.) 
The solution gives the following formula : 

Diff. long. " depart. X sec. lat. 

121. A ship in latitude 42° 16' N., longitude 72** 16' W., 
sails due east a distance of 149 miles. What is the position 
of the point reached ? 

122. A ship in latitude 44* 49' S., longitude 119° 42' E., sails 
due west until it reaches longitude 117° 16' E. Find the dis- 
tance made. 

123. In Kiddle Latitude Sailing, the departure between two 
places, not on the same parallel of latitude, is considered to 
be, approximately, the departure between the meridians of 
those places, measured on that parallel of latitude which lies 
midway between the parallels of the two places. Except 
in very high latitudes or excessive runs, such an assumption 
produces no great error. By the formula of Art. 120, then, 
We shall have — 

Diff. long. — depart. X sec. mid. lat. 
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124. A ship leaves latitude 31** 14' N., longitude 42° 19 
W., and sails E.N.E. 325 miles. Find the position reached. 

125. Find the bearing and distance of Cape Cod from 
Havana. (Cape Cod, 42° 2' N., 70° 3' W. ; Havana, 23° 9' N., 
82° 22' W.) 

126. Leaving latitude 49° 57' N.. longitude 15° 16' W., a 
ship sails between S. and W. till the departure is 194 miles, 
and the latitude is 47° 18' N. Find the course, distance, 
and longitude reached. 

127. Leaving latitude 42° 30' N., longitude 58° 51' W., a 
ship sails S.E. by S. 300 miles. Find the position reached. 

128. Leaving latitude 49° 57' N., longitude 30° W., a ship 
sails S. 39° W., and reaches latitude 47° 44' N. Find the 
distance, and longitude reached. 

129. Leaving latitude 37° N., longitude 32° 16' W., a ship 
sails between N. and W. 300 miles, and reaches latitude 41° 
N. Find the course, and longitude reached. 

130. Leaving latitude 50° 10' S., longitude 30° E., a ship 
sails E.S.E., making 160 miles' departure. Find the distance, 
and position reached. 

131. Leaving latitude 49° 30' N., longitude 25° W., a ship 
sails between S. and E. 215 miles, making a departure of 167 
miles. Find the course, and position reached. 

132. Leaving latitude 43° S., longitude 21° W., a ship sails 
273 miles, and reaches latitude 40° 17' S. What are the two 
courses and longitudes, either one of which will satisfy the 
data? 

133. Leaving latitude 17° N., longitude 119° E., a ship sails 
219 miles, making a departure of 162 miles. What four sets 
of answers do we get ? 
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184. A ship in latitude 30^ sails due east 360 statute miles. 
What is the shortest distance from the point left to the point 
reached ? 

Solve the same problem for latitude 45°, 60°, etc. 



Traverse Sailing. 

135. Traverse Sailing is the application of the principles of 
Plane and Middle Latitude Sailing to cases when the ship 
sails from one point to another on two or more different 
courses. Each course is worked up by itself, and these 
independent results are combined, as may be seen in the 
solution of the following example : 

136. Leaving latitude 37° 16' S., longitude 18° 42' W., a 
ship sails N.E. 104 miles, then N.N.W. 60 miles, then W. by 
S. 216 miles. Find the position reached, and its bearing and 
distance from the point left. 

We have, for the first course, difference of latitude 73.5 N., 
departure 73.5 E. 

We have, for the second course, difference of latitude, 55.4 
N., departure 23 W. 

We have, for the third course, difference of latitude 42.1 S., 
departure 211.8 W. 

On the whole, then, the ship has made 128.9 miles of 
north latitude, and 42.1 miles of south latitude. The place 
reached is therefore on a parallel of latitude 86.8 miles to 
the north of the parallel left ; that is, in latitude 35° 49'.2 S. 

The departure is, in the same way, found to be 161.3 miles 
W. ; and the middle latitude is 36° 32'.6. With these data, 
and the formula of Art. 126, we find the difference of longi- 
tude to be 201 miles, or 3° 21' W. Hence the longitude 
reached is 22° 3' W. 

With the difference of latitude 86.8 miles, and the depart- 
ure 161.3 miles, we find the course to be N. 61° 43' W., and 
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the distance 183.2 miles. The ship has reached the same 
point that it would have reached, if it had sailed directly on 
a course N. 61^ 43' W., for a distance of 183.2 miles. 

137. A ship leaves Cape Cod (Ex. 125), and sails S.E. by 
S. 114 miles, N. by E. 94 miles, W.N.W. 42 miles. Solve as 
in Art. 136. 

138. A ship leaves Cape of Good Hope (latitude 34"^ 22' S., 
longitude 18** 30' E.). and sails N.W. 126 miles, N. by E. 84 
miles, W.S.W. 217 miles. Solve as in Ex. 136. 



EXAMINATION PAPERS.* 



PLANE TRIGONOMETRY. 

I. 
(Hdrvard College, Admission. June, 1881. Time, 1} hours.) 

1. Define a logaritlim. What is the logarithm of } in the 
system of which 16 is the base ? Find the logarithm of 25 in 
the same system. 

2. Compute the value of x/S^^^Mr by logarithms. 

^ \(64)«x 0.00661 ^ ^ 

3. Find the functions of 127° 10' from your trigonometric 
tables. 

4. Prove the formula 

(cos A - cos By + (sin A - sin By = 4 sin«^^^^. 

5. Two sides of a triangle are 243 feet and 188 feet, and 
the angle opposite the second side is 42° 20'. Solve the tri- 
angle completely. 

6. A pine tree growing on the side of a mountain, which is 
inclined to the horizontal at an angle of 20°, is broken by the 
wind but not severed at a distance of 40 feet from the ground. 
The top falls toward the foot of the mountain, and strikes the 
ground 60 feet from the base of the tree ; find the height of 
the tree. 

* Note. In these papers, as in many text-books, the Greek letters a 
{alpha), P {bayUi), y {gamma), S {delta), 6 {thayta), ^ {phee), are occasionally 
used to denote angles. 
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II. 
(Harvard Chlltge^ Admistion. June, 1882. Time, 1} hours.) 

1. Explain the reason of the rule for finding the character- 
istic (or integral part) of the logarithm of a number. 

Show that (according to this rule) the mantissa (or frac- 
tional part) is always positive. 

In what cases is the logarithm, as a whole, positive, and in 
what cases negative ? 

Thus, state clearly the value of the logarithm of 36,270 ; of 
0.003627. What decimal must be added to the latter loga- 
rithm to produce the logarithm of 0.01 ? 

2. Find the time required to increase a sum of money a 
hundred fold, at ten per cent per annum, compound interest, 
payable yearly. 

3. Find the formulas for the trigonometric functions of 
90°+ a. 

4. Find by the tables the logarithms of the trigonometric 
functions of 290° 38' (marking the signs). 

6. An observer from a ship saw two headlands. The first 
bore E.N.E. (i.e. 67° 30^ from N. towards E.), and the second 
N.W. by N. (i.e. 33° 45' from N. towards W.). After he had 
sailed 16.25 miles N. by W. (i.e. 11° 15' from N. towards W.), 
the first headland bore due E., and the second N.W. by W. 
(i.e. 56° 15' from N. towards W.). Find the direction and dis- 
tance of the second headland from the first. 

6. Prove the formulas : 

222£^^ = -tani(a + ^) tanKa-)9). 

COSa + C08j8 



l + tan'i^ 
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III. 
{Sarvard OoUege, FreahTnan Examination, April, 1879. Time, 3 hourt.) 

1. Prove the relations between the sine, cosine, and tan- 
gent of 90®+^ and the functions of ^. Draw a figure for the 
case where ^ is obtuse, and show that the proof still holds 
good. 

Confirm your results by means of the formulas for the sine 
and cosine of the sum of the two angles. 

2. Deduce formulas for the sine, cosine, and tangent of 2 a 
a^nd -J^a, in terms of functions of a. 

3. Prove the formula : 

cos (a + P) sin)3 — coB(a + y) siny = 
sin (a + P) C08/3 — sin (a + y) cosy. 

4. Prove that in any triangle 

5. Deduce the formulas for the tangents of the half angles 
of a triangle, in terms of the sides. 

6. Solve the triangles : 

C=36°, a = 500, c = 250, 

B = 22° 22', a = 67.06, h = 60.03. 

7. The Delta measures 241 yds. on Cambridge St. and 115 
yds. on Quincy St., and the angle between these streets is 
88** 52'. Find the other angles of the Delta. 

8. Find the area of the Delta. 

9. A person travelling east in a railroad train observes a 
tower situated south of a station A^ and on the same horizontal 
plane with the railroad. At the station £ he finds that the 
distance of the tower is 2 miles ; and at C, 3 miles from B, its 
distance is 4 miles. Find the distance of the tower from A, 
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IV. 

{Harvard College, Freshman ExaminaHon. April, 1880. Time, 3 hours.) 

1. Deduce the formula sin (a + )3) = , drawing the figure 

for the case in which a is in the second quadrant and a + j8 
in the third. 

2. Deduce the formulas for cos 2 a, sin} a, and cos^o, in 
terms of functions of a. 

3. Prove the theorem of the sines. 

4. From the fundamental formulas deduce the formula 

ia.n^(A + B) _ a + b 
ia.n^{A-£) a-b 

6. Prove that 

co8(a + ^ + y) =l-tanatan/3-tanjgtany~tanytan a. 
coso cosp cosy 

6. In a triangle ^ = 4° 13.4' and a = 2001, give all the 
solutions in the following cases : 

(1) h = 160, 

(2) h = 200, 

(3) 2> = 2001. 

7. Aj J3j and Care the corners of a triangular field. A is 
40 ft. W. of B and 400 ft. S.W. of C What is the area of 
the field ? What is the length of the fence which encloses it ? 

8. From two corners of the Delta, A and -B, lines which 
make angles of 19° 62' and 67° 32' respectively with the side 
AB meet directly under Memorial Hall tower. The length 
of AB is 345.1 ft., and the angle of elevation of the tower at 
A is 32° 26'. Find the height of the tower, and its angle of 
elevation at £. 
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V. 

{Harvard College, Freshman ExamxTUtiion. April, 1881. Time, 3 houn.) 

1. Deduce the formulas which connect the functions of 
(90** + <^)and<^. 

2. Prove the fundamental formula for cos (a + /3). 

3. From the formula just found, obtain three values for 
cos 2 a. 

4. Find the values of sin- and cos-, in terms of coso. 
6. Prove the formula 

(cos A - cos Ef + (sin ^ - sin 5)» = 4 sin' ^~Z^ ' 

A 

6. Solve the following triangles : 

5 = 2434, c = 1881, c = 42°22'. 

a = 0.00543, c = 0.07003, a = 4° 27'. 

7. The sides of a triangle are 715, 541, and 368; find one 
angle and the area. 

8. The height of Memorial Hall tower is 190 feet. From its 
top the angles of depression of the corners of the Delta which 
lie on Cambridge St. are 67" 44' and 16" 59', and the angle 
subtended by the line joining these corners is 99° 30'. Find 
the length of the Delta on Cambridge St. 



VI. 
(Harvard College, Freshman Examination. April, 1882. Time, 3 hours.) 

1. Obtain the formulas which connect the sine, cosine, and 
tangent of (180° + <^) with the functions of <^. 

2. Assuming the formulas for the sine and cosine of the 
sum of two angles, prove that 

(1) tan(a + )3)^ 

(2) sin ^a = V-J-(l — cosa). 
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3. Find all the values of x, between 0® and 360^*, whicli will 
satisfy the equations 

(1) tana; = 2sin2ar, 

(2) (sin X + cos a:)* = 2 sin 2x, 

4. The length of each side of a regular dodecagon is 24 
feet ; find the radius of the inscribed circle and the area of the 
polygon. 

5. In a certain triangle, a = 20, 5 = 3° 24', C= 85° 31'. 
Find c by aid of the table containing the values of 8 and T, 

6. Prove the Theorem of Sines, and solve the triangles 

(1) J = 468, c = 327, (7= 34° 15'; 

(2) a = 0.003641, c = 0.08091, A= 5° 20'. 

7. Given a* = J' + c* — 25c cos ^ ; obtain the formula 



Bin|^ = 'J- 



be 



The sides of a triangle are a = 2408, 5 = 2028, c = 1884; 
find the angle A. 

8. Hingham is 12 miles south-east of Boston ; Quincy is 5| 
miles west of Hingham. How far is Quincy from Boston ? 

9. A person ascending Memorial Hall tower stops to rest 
at a window, and notices that the angle of elevation of the 
vane on Appleton Chapel is 3° 34'. When he reaches the top 
of the tower, 190 feet above the ground, he finds that the 
height of the Chapel subtends an angle of 13° 9'. The hori- 
zontal distance between the two towers being 492 feet, find 
the height of Appleton Chapel and the distance of the window 
above the ground. 
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VII. 

(Cambridge, Eng. 2nd PrwwuB Exam., Dee. 7, 1876. Time, 2 J hour$.) 

1* Assuming that the angle subtended at the centre of any 
circle by an arc equal to its radius is a constant angle, show 

that any angle may be expressed by the fraction — — — , the 
constant angle being taken as the unit. 

Find the length of the arc subtended by an angle of 60® in 
a circle whose radius is 3 feet. 

2. The sine of a certain angle is t ; find the other trigono- 
metrical ratios of the angle. 

3. Trace the change in sign and magnitude in the tangent 
of an angle, as the angle increases from 0® to 360°. 

4. Find, by a geometrical construction, the cosine of 60° 
and of 46°, and deduce the value of cos 3360° and cos 2666°. 

5. Prove the formulas : 

(1) sin (^ — -B) = sin A cosB — cos A sin B, 
m\ ««„o >< 1— tan*^ 

(2) C082^ = - T-rt 

(3) sin2^ + sin4^ ^^^3^ 
cos2-4+cos4^ 

6. Express the cosine of half an angle in terms of the sine 
of the angle, and explain the double sign. 

Employ the formula to find the value of cos 75°, having 
given sin 160° = ^. 

7. li A, B,C be the angles of a triangle, and a, 5, c the 
sides respectively opposite to the m, show that 

where 8 = one-half the sum of the sides. 

8. Find the greatest angle in a triangle whose sides are 7 
feet, 8 feet, and 9 feet. 

*For aid in solving this and similar questions, see Wentworth <fe Hill's 
Tables, pages zi and zii. 
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VIII. 
{Cambridge, Eng. 2nd Previous Exam., Dee. 7, 1877. Time, 2} hours.) 

1. Define the cosine, cotangent, and cosecant of an angle, 
and prove that these ratios remain unchanged so long as the 
angle is the same. 

Find the value of these three ratios for an angle of 45°. 

2. Prove the formulas : 

(1) sin A = VI — cos*^, 

(2) cos^=-— nLzzzzz- 

Vl + tanM 

If sec A = V2, find tan A, Ana, 1. 

3. Prove that 

sin (90° + ^) = cos ^, and cos (90° + ^) = — sin -4. 
Hence show that cos (180° + A) = — cos -4. 

4. Show that cos* -4 tan*-4 + sin* -4 cot*^ = 1. 

5. Prove that cos (^ + -B) = cos A coaB— sin A sin J3. 
Hence show that 

29^iA±^±^:=cotA cot5cotC-cot-4-cot^-cota 
sm A sin B sm G 

6. Given that sin J -4 = f , find the value of tan -4. 

Ans.^. 

7. Prove that the sides of any plane triangle are propor- 
tional to the sines of the angles opposite to these sides. 

If 2s = the sum of the three sides (a, 5, c) of a triangle, and 
if A he the angle opposite to the side a, prove that 



sin A = ^Vs(s -a)(s — b) (s — c). 
8. Prove that in any plane triangle 

tan|(^ -B) = ^^ cotm 
a-\- o 
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9. If the side a and the angles A and -B of a triangle be 
known, prove that the side b may be found by means of the 
formula, 

log J = log a + log sin B — log sin A. 

Find S, having given that a=1000 yards, ^ = 50**, ^=64°. 

Ans. 1173.29 yards. 

10. The minute-hand of a clock is 3 feet 6 inches in length ; 
find how far its point will move in a quarter of an hour, it 
being assumed that tt = •^. Ans. 6 feet 6 inches. 



IX. 
{Cambridge, Eng. 2nd Bremous Exam., Dec. 10, 1878. Time, 2J howrs) 

1. Define sine, cotangent; and prove that sin* ^+ cos* ^=1. 
Express the other trigonometrical ratios in terms of the cosine. 

2. What is meant by the circular measure of an angle? 
How is the number of degrees in an angle found from its cir- 
cular measure ? How many degrees are in the unit of circular 
measure ? 

3. Prove that 

(1) sin(180°4-^) = -sin^, 

(2) tan {^(f+A) = - cot A. 
What is the use of these equations ? 

4. Find the general form of all the angles whose sine is the 
same as sin 0. 

Write down the sines of all the angles which are multiples 
of 30** and less than 360°. 
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5. Prove the following relations : 

(1) cob(A — JB) = cos ^ cos JB + sin A sin JB, 

(2) 8in^ + 8ini? = 28ini(^ + JB)co8i(^-5), 

•C082^ 



(3) tanM=^ 

l + < 



•cos2^ 

6. Find cos 30**, tan 45**, sin 16**. 

7. If tan-4 + secj4 = 2, prove that 8injl = f when ^isless 
than 90*^ 

If sin A = ^f prove that tan ^ -f sec^ = 3 when A is less 
than 90**. 

8. Prove that cos 3 j4 = 4 cos* j4 — 3 cos -4, and find tan 3 A 
in terms of tan A. 

9. In a triangle A, B, C, whose sides are respectively a, 6, c, 
prove that 

(1) Bini^=^(-^*Hin£). 

/o\ sin ^ __ sin 5 _ sin (7 
^^^ ~a b ~- 

10. Solve a triangle, having given two sides and the angle 
opposite one of them. 

Find A, JB, b, having given a = 26, c= 24, (7= 66** 69'. 



X. 

{Gambridge, Eng. 2nd Previous Exam., Dec. 10, 1879 . Time, 2\ houn.) 

1. Define 1**. Assuming that -^ is the circular measure of 
two right angles, express the angle A^ in circular measure. 

' 2. Define the sine, secant, and cotangent of an angle, and 
express any two of these ratios in terms of the third. 

Find the trigonometrical ratios of the angle whose coane 
isf 
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3. Prove that 

(1) cos (180*' + ^) = cos (180°-^), 

(2) tan (90** + ^) = cot (180**-^). 

4. Express the cosine of the difference of two angles in 
terms of the sines and cosines of these angles. 

Prove that 

* tan-^a; + tan'V = tan"^ ^ + ^ . 
\—xy 

6. Prove the formulas : 

(1) cos a; + cos y = 2 cos ^\.^ cos — ^» 



(2) sin^a; + cos^a; = rb Vl +8inar, 

(3) sinar(2 cosrc -- 1) = 2 sin^a? cosf a:. 

6. Trace the changes in sign and magnitude of 

2sin^~sin2^ 
2 8in^+sin2^* 

as 6 changes from to 2 tt. 

7. Express the cosine of any angle of a triangle in terms of 
the sides of the triangle. 

If the angle opposite the side a be 60**, and if i, c be the 
remaining sides of the triangle, prove that 

(a+J+c) (J-hc-a) = 3 Jc. 

8. Solve a triangle, having given the three sides. 
Given A = 36**, B = 72°, and a = 1 ; solve the triangle. 

9. The sides of a triangle are 2, 3, 4 ; find the least angle. 

♦ tan"^a:= arc whose tangent is x. 
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XI. 
(Cambridge, Eng. 2nd Previoyu Exam., Dec. 10, 1880. Time, 2J hawrM.) 

1. Express in degrees, minutes, etc., (i.) the angle whose 
circular measure is ^tt; (ii.) the angle whose circular measure 
is 5. 

If the angle suhtended at the centre of a circle hy the side 
of a regular pentagon be the unit of angular measurement, hy 
what number is a right angle represented? 

2. Find, by geometrical constructions, the cosine of 45^ and 
the sine of 120**. 

Prove that 

(sin 30* + cos 30**) (sin 120** + cos 120°) = sin 30^ 

3. If CSC -4 = 9, find cot A and sec A. 

4. Prove that 

cos (180** + ^) = - cos ^. 
Find the value of (i.) cot 840°; (ii.) sec3ir. 

5. Assuming the formula for the sine of the sum of two 
angles in terms of the sines and cosines of the separate angles, 
find (i.) sin 75° ; (ii.) sin 3 -4 in terms of sin -4. 

6. Prove the formulas : 

(1) cos*(j4 -£)- Bin^(A + B) = coa2A coa2B, 

(2) 1 + tana? tan^a; = seox. 

7. Prove that 

cos^+cos^ = 2cos|(^ + 5) cosi(A-B), 



J cos5^ + cos^ . 1 . 

and express — -—-^ as a single term. 

coso^ — cos^ 

8. Solve the equations : 

(1) 5 tan* a; + sec* a; = 7, 

(2) cos5^ + cos3^ = V2 cos4A 
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9. Prove that in any triangle cos j4 = — -^^r^ 

Obtain the formula for tan } ^ in terms of the sides. 

10. Find an expression for the area of a triangle in terms 
of its sides. The lengths of the sides of a triangle are 3 feet, 
5 feet, and 6 feet ; what is its area ? 

11. Given that 

sin38*'25' = 0.6213757, sin38*'26' = 0.6216036; 
find the angle whose sine is 0.6215000. 



XII. 
{Oambridge, Eng. 2nd Previous Exam., Dec. 10, 1881. T'tme, 2} Jumrs.) 

1. Define the unit of circular measure. The ratio of the 
circumference of a circle to its diameter being 3.14159, find 
the circular measure of an angle of 126**. 

2. Define the tangent, cotangent, and cosecant of an angle. 
Find the tangent and cotangent of an angle whose cosecant is 
1.25. 

3. Trace the changes in sign and magnitude of sin^ as ^ 
changes from 90** to 270°. 

4. Prove the following : 

(1) tan(ir + ^) = tan^, 

tan^ — tanjB 



(2) tan(^-^) = 



1 + tanJ. ta,n£ 



,3. sin^ + sin^^^^^^-^ 
cos^ — cos-B 2 
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6. Determine the value of cos 18°, and prove that 
00886° = cosCO* + cos 72°. 

6. Show that for certain values of the angles 

2 cos } -4 = Vl + sinJ. - VI— sin -4 . 

Is this formula true for values of A lying between 200° and 
220° ? and if not, how must it be modified ? 

7. Prove that in any triangle, with the usual notation, 

and that the area is equal to 

Vs(« — a) (s — b) (« — c). 
Show, also, that 

sinM = cos*5 + cos*C+ 2 cos A cos B cos O. 

8. When one side of a triangle and the two adjacent angles 
are given, show how to solve the triangle. 

Find the greatest side of the triangle, of which one side is 
2188 feet, and the adjacent angles are 78° 14' and 71° 24'. 



SPHERICAL TRIGOW"OMETriY. 

CHAPTER V. 

THE RIGHT SPHERICAL TRIANGLE. 

§ 45. Introduction. 

The object of Spherical Trigonometry is to show how spheri- 
cal triangles are solved. To solve a spherical triangle is to 
compute any three of its parts when the other three parts are 
given. 

The sides of a spherical triangle are arcs of great circles. 
They are measured in degrees, minutes, and seconds, and 
therefore by the plane angles formed by radii of the sphere 
drawn to the vertices of the triangle. Hence, their measures 
are independent of the length of the radius, which may be 
assumed to have any convenient numerical value; as, for 
example, unity. 

The angles of the triangle are measured by the angles made 
by the planes of the sides. Each angle is also measured by 
the number of degrees in the arc of a great circle, described 
from the vertex of the angle as a pole, and included between 
its sides. 

The sides may have any values from 0** to 360° ; but in this 
work only sides that are less than 180** will be considered. 
The angles may have any values from 0® to 180°. 

If any two parts of a spherical triangle are either both less 
than 90° or both greater than 90°, they are said to be alike in 
kind; but if one part is less than 90°, and the other part 
greater than 90°, they are said to be unlike in kind. 
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Spherical triangles are said to be isosceles, equilateral, equi- 
angular, right, and oblique, under the same conditions as 
plane triangles. A right spherical triangle, however, may 
have one, two, or three right angles. 

When a «pherical triangle has one or more of its sides equal 
to a quadrant, it is called a quadrantal triangle. 

It is shown in Solid Geometry, that in every spherical tri- 
angle 

I. The sum of the sides is less than 360°. 

II. The sum of the angles is greater than 180°. 

III. If, from the vertices as poles, arcs of great circles are 
described, another spherical triangle is formed so related to the 
first triangle that the sides of each triangle are supplements of 
the angles opposite to them in the other triangle. 

Two such triangles are said to be polar with respect to each 
other. 

Let A,B,C (Fig. 35) denote the angles of one triangle ; a, h, c 

the sides opposite these angles 
respectively ; and let j4', B\ (? 
and a', h\ c' denote the cor- 
responding sides and angles 
of the polar triangle. Then 
the above theorem gives the 
six following equations : 
^+a' = 180^ 
jB+i' = 180^ 

(7^-c' = l8o^ 

-4' + a =180°, 
B'^-h =180^ 

a +c =180° 

Exercise XIX. 

1. The angles of a triangle are 70°, 80°, and 100**; find the 
sides of the polar triangle. 
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• 2. The sides of a triangle are 40°, 90**, and 125**; find the 
angles of the polar triangle. 

3. Prove that the polar of a quadrantal triangle is a right 
triangle. 

4. Prove that, if a triangle have three right angles, the sides 
of the triangle are quadrants. 

5. Prove that, if a triangle have two right angles, the sides 
opposite these angles are quadrants, and the third angle is 
measured by the number of degrees in the opposite side. 

6. How can the sides of a spherical triangle be found in 
units of length, when the length of the radius of the sphere is 
known ? 

7. Find the lengths of the sides of the triangle in Example 
2, if the radius of the sphere is 4 feet. 

§46. Formulas Relating to Right Triangles. 

As is evident from § 45, Examples 4 and 5, the only kind of 
right triangle requiring further investigation is that which 
contains only one right angle. 

Let ABC (Fig. 36) be such a right triangle, and let A, B, C 
denote the angles of the tri- 
angle ; a, S, Cf respectively, the 
opposite sides. 

Let be the right angle, and 
for the present suppose that 
each of the other parts is less 
than 90**. 

Let planes be passed through 
the sides, intersecting in the 
radii OJ., OB, and 00; and 
for the sake of simplicity let 
the radius of the sphere be j^ 38 

taken equal to 1. 

Also, let a plane perpendicular to OA be passed through 
£, cutting OA at JS and 0C7at D. Join BJE, BD, and DE. 
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BE and DE are each 1.0 A (Geom. § 454) ; therefore /.BED 
B =A, The plane ^Z)^ is ± the 

plane ^0(7(Geom. §472); hence 
BJDf which is the intersection 
of the planes BBEsmd BOO, is 
± the plane ^OC^(Geom. § 475), 
therefore ± 0(7 and DE. Now 
cose = 0E= OD X cos^, 
^ and OD = cosa. 

.'. 0080 = cosa 008 b. [37] 

sina = BD = BEx sin J., 
and BE =^ sine. 




[38] 



Fig. 88 (M«). 



Therefore, 8ina = 8iii08iiiAl 

changing letters, 8inb = 8ino8iiiB } 

Again, DE= BE X cos^, 

and also DE =ODx sin b ; 

hence, BE XcoaA = OD X sin b ; 
that is, sin c cos A = cos a sin b ; 

whence cos J. = cosa sin J csgc* 

By substituting in this formula the value of cosa, obtained 
from [37], we obtain 



008 A = tan b cot c 
In like manner, oos B = tan a cot c . 



[39] 



And by substituting in the same formula the value of sin 6, 
as given in [38], we obtain 



cosA = oosa sinB 
In like manner, cos B = cos b sin 



n- 



[40] 



Also, BD=DExia,nA, 

BD = sin a, 
DE=coaa sin J; 
therefore, sin a = cos a sin b tan A ; 



* To avoid fractions, esc c is written in place of its equal, ■ 
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whence. 



8mb = taxLaootA 



and, similarly, sin a = tan b cot B / l- -I 

If in [3 7 J we substitute for cos a and cosb their values from 
[40], we obtain 

ooBO = ootAootB. [42] 

In deducing these formulas, it has been assumed that all 
the parts of the triangle, except the right angle, are less than 
90^. But the formulas also hold true when this hypothesis is 
not fulfilled. 

Let one of the legs a be greater than 90**, and construct a 
figure for this case (Fig. 37) in the same manner as Fig. 36. 

B 




The auxiliary plane BDE will now cut both CO and AO 
produced beyond the centre ; and we have 

cos(180 — c) = 0E=^ OD X cosi = cos(180 - a) cos J, 
a result which reduces to [37] if we substitute — cose in place 
of cos (180 — c) and —cos a in place of cos (180 — a). Like- 
wise, the other formulas, [38] -[42], hold true in this case. 

Again, suppose that both the legs a and h are greater than 
90**. In this case the plane BDE (Fig. 38) will cut CO pro- 
duced beyond 0, and AO between A and 0; and we have 
cose = 0E-= OD X cos(180 - h) 
= co8(180 - a) cos (180 - 5) 
= cosa cosi, 
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a result agreeing with [37]. And the remaining formulas 
may be easily shown to hold true. 

Like results follow in all cases; in other words, Formulas 
[37] -[42] are universally true. 

Exercise XX. 

1. Prove, by aid of Formula [37], that the hypotenuse of a 
right triangle is leas than or greaier than 90**, according as the 
two legs are alike or unlike in kind. 

2. Prove, by aid of Formula [40], that in a right spherical 
triangle each leg and the opposite angle are ialways alike in 
kind. 

3. What inferences may be drawn respecting the values of 
the other parts : (i.) if c = 90** ; (ii.) if a = 90** ; (iii.) if cr = 90** 
and a = 90** ; (iv.) lia = 90** and J = 90** ? 

Deduce from [37] -[42] the following formulas: 

4. tan*iJ = tan}((? — a)tan}((? + a). 

5. tan*(45**-M) = tanJ(«-a)cotJ((? + a). 

6. tan' J j5 = sin (c — a) esc {c + a). 

7. tan*J(? = --cos(^ + ^)sec(^-^. 

8. tan'}a=tan[J(^ + JS)-45**]tan[}(^-5) + 45**]. 

§ 47. Napier's Rules. 

The formulas deduced- in § 46 express the relatidns betw%ien 
five parts of a right trianglef, — the three sides and the Wo 
oblique angles. All these relations may be shown to follow 
from two very useful Rules, devised by Barpn Napier, "the 
inventor of Logarithms. 

For this purpose the right angle (not entering the formulas) 
is left out of accotiDit, £^nd instead of the hypotenuse and the 
two oblique angles, their respective complements are employed; 
so that the five parts considered byytlje Rules Naye: a, i, oo,a. 
CO. A, CO. B. Any one of thes^^partsTma^ Jb^^ called a middle 
part; and then the two parts imiiie4i^tely adjacent are called 
adjacent parts, and the other two are called opposite parts. 
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Rule I. The sine of the middle part is eqical to the product 
of the tBnagents of the adjacent parts. 

Rule II. The sine of the middle part is equal to the product 
of the cosines of the opposite parts. 

These Rules are easily remembered by the expressions, 
tan. ad. and cos. op. 

The correctness of these Rules may be shown by taking each 
of the five parts as middle 
part, and comparing the & 

resulting equations with the 
equations contained in For- 
mulas [37] -[42]. 

For example, let co. c be 
taken as middle part, then 
CO. A and co. B are the ad- 
jacent parts, and a and h 
the opposite parts, — as is 
very plainly seen in Fig. 39, 
in which the order of the 
parts is shown by arranging them around the circumference 
of a circle. Then, by Napier's Rules : . : .\ ■ 

sin (co. c) = tan {co. A) tan {co. -B), , 
or coS(? = cot-4 cot^; 

Bin(co. c) = cos a cos 5, 
or cose? = cosa cos5 ; 



CO. A 




co.B 



results which agree with Formulas [37] and [42] respectively. 



.Exercise XXI. 

1. Show that Napier's Rules lead to the equations contained 
inFormula8'[38],^[39], [40], and[41]. . .' 

2. What will Napier's Rules become, if we .take as the five 
parts of the triangle, the hypotenuse, the two oblique angles, 
and the complements of the two legs? . 
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§48. Solution of Right Triangles. 

By means of Formulas [37] -[42] we can solve a right tri- 
angle in all possible cases. In every case two parts besides 
the right angle must be given. 

Case I. Oiven the two legs a and b. 

The solution is contained in Formulas [37] and [41] ; viz : 

cos c = cosa cosft, 
tan^=tana cscft, 
ta,nJB= tan b csca. 

For example, let a = 27** 28' 36", 4 = 51° 12^ 8" ; then the 
solution by logarithms is as follows : 

logcoBa = 9.94802 
logcoei = 9.79697 



logcosc= 9.74499 
c = 56^3' 40" 



log tan a =9.71604 
log CSC 4 =0.10826 

logtan^ = 9.82430 
^ = 33*'42'60" 



logtan 4 = 10.09477 
log CSC a = 0.33693 

log tan 5 = 10.43070 
JB = 69*'38'54'' 



Case II. Oiven the hypotenuse c and the leg a. 
From Formulas [37], [38], and [39] we obtain 

cosi =cosc sec a, 
sin ^ = sin a cscc, 
cos B = tan a cote. 

Although two angles in general correspond to sin ^, one 
acute the other obtuse, yet in this case the indetermination is 
removed by the fact that A and a must be alike in kind (see 
Exercise XX., Example 2). 
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Case III. Oiven the leg a and the opposite angle A. 
By means of Formulas [38], [40], and [41], we find, that 

sine = sin a CSC -4, 
sin 5 =tana cot J., 
sin -B = sec a cos A ; 

or, from [37] and [39], 

cos J =cose? sec a, 
coSjB = tana cote. 

When c has been computed, b and B are determined by 
these values of their cosines ; but, since c must be found from 
its sine, c may have in general two values which are supple- 
ments of one another. This case, therefore, really admits of 
two solutions. 

Case IV. Oiven the le'g a and the adjacent angle B. 
Formulas [39], [40], and [41] give 

tan c = tan a sec B, 
tan b = sin a tan B, 
cos A = cos a sin B. 

Case V. Oiven the hypotenuse c and the obliqite angle A. 
From Formulas [38], [39], and [42] it follows that 

sin a = sin c sin A, 
tan b = tan c cos A, 
cot B= cos c tan A. 

Here a is determined by sin a, since a and A must be alike 
in kind (see Exercise XX., Example 2). 

Case VI. Oiven the two oblique angles A and B. 
By means of Formulas [40] and [42] we obtain 

cose =cot-4 cot 5, 
cosa = cos^ csc^, 
cos i = cos -B CSC -4. 
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Note 1.. In Case I. (a and b given) the formula for computing c fails 
to give accurate results when c is very near 0^ or 180° ; in this caae it 
may be found with greater accuracy by first computing B, and then com- 
puting c, as in Case IV. 

Note 2. In Case II. (c and a given), if 5 is very near 0° or 180°, it 
may be computed more accurately by means of the derived formula 

tan' } & *- tan } (e + a) tan } (e — a). 

And if il is so near 90° that it cannot be found accurately in the Tables 
it may be computed from the derived formula 

* tan«(45° - M) - tan}(« - a)oot}(c + «)• 

In like manner, when B cannot be accurately found from its cosine we 
may make use of the formula 

tan'i ^ — sin (c — a) csc(c + a). 

Note 3. In Case III. (a and A given), when the formulas for tibe 
required parts do not give accurate results, we may employ the derived 
formulas 

tan«(45°-}c) -tanJ{^-a)cot}(il + a), 
tan«(45°-}6) -8in(il-a)csc(^ + a), 
tan«(45°- }5) = tan J(^ - a) tan}(il + a). 

Note 4. In Case IV. (a and B given), if -4 is near 0° or 180°. it may 
be more accurately found by first computing b and then finding A. 

Note 5. In Case V. (c and A given), if a is near 90°, it may be found 
by first computing b, and then computing a by means of Formula [41]. 

Note 6. In Case VI. (A and B given), for unfavorable values of the 
sides greater accuracy may be obtained by means of the derived formulas 

tan* J c =- — COB (A + B) 8qc{A — B), 

tan« Ja = tan[J(^ + -B) - 45°] tan[46° + }(^~ 5)], 

tan4 6 =. tan [ J (^ + ^ - 45°] tan [45° - J (^ - j5)]. 

Note 7. In Cases I., IV., and V., the solution is always possible; in 
Case II., in order that the solution should be possible, it is necessary 
and sufficient that sin a < sine; in Cases III. and VI., the conditions of 
possibility follow obviously from the equations employed ; in Case III., 
it is also necessary that a and A should be alike in kind. 
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Note 8. It is easy to trace analogies between the formulas for solving 
right spherical triangles and those for solving right plane triangles. The 
former, in fact, become identical with the latter if we suppose the radius 
of the spherd to be infinite in length ; in which case the cosines of the 
sides become each equal to 1, and the ratios of the sines of the sides and 
of the tangents of the sides must be taken as equal to the ratios of the 
sides themselves. 

If the formula required for any case is not remembered, it is 
always easy to find it by means of Napier's Rules. In apply- 
ing these Bules we must choose for the middle part that one 
of the three parts considered-^— the two given and the one 
required — which will make the other two either adjacent 
parts or opposite parts. 

For example : given a and B; solve the triangle. 

First, Represent the parts as in;. Fig. 40, and to prevent mis- 
takes mark each of the giVien 

parts with a cross. To find ^^ ''"^'*' 

ft, take a as the middle part ; . . . 
then b and co, B are adja- 
cent parts; and by Rule I., 

sin a = tan ft cot -B; co.^ 
whence, tan ft = sin a tan -B. 

To find e?, take co.B as 
middle part; then a and 
CO. c are adjacent parts ; and 
by Rule I., 

cos jB = tana cote; 
whence, tan c = tan a sec B. 

To find A, take co. A as middle part ; then a and co. B are 
the opposite parts ; and by Rule II., 

cos A = cos a sin B. 

In like mafuner, every case of a right Rpherical triangle may 
be-4BoLved. A . 
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Exercise XXII. 
Solve the foUowing^^right triangles, taking for the given 
parts in each case those printed in columns I. and II. : 



I. 


II. 


III. • 


IV. 


V. 




a 


h 


e 


A 


B 


1 


36«27' 


43° 32' 31" 


54° 20* 


46° 59' 43.2" 


67°69'19.3" 


2 


8604O' 


32° 40* 


8r 11' 39.8" 


88° 11' 67.8" 


32°42'38.7" 


3 


50* 


36° 54' 49" 


59° 4' 25.7" 


63° 15' 13.1" 


44°26'21.6" 


4 


120»10' 


150° 59' 44" 


63° 55' 43.2" 


105° 44' 21.26" 


147°19'47.14(' 




e 


a 


h 


A 


B 


6 


550 9^32" 


22° 15' 7" 


51° 63' 


27° 28' 25.7" 


73° 27' 11.16" 


6 


23« 49^51" 


14° 16' 35" 


19° 17' 


3r 36' 49.4" 


54° 49' 23.3" 


1 


44«33'17" 


32° 9^17" 


32° 41' 


49° 20* 16.4" 


50° 19' 16" 


8 


9r»13' 4" 


132° 14' 12" 


79° 13' 38.2" 


131° 43' 50" 


81° 58' 53.3" 




a 


A 


c 


b 


B 


9 


77** 21' 50" 


83° 56' 40" 


78° 63' 20" 


28° 14' 31.8" 


28° 49' 57.4" 








101° 6' 40" 


151° 45' 28.7" 


151° 10' 2.6" 


10 


7r21'50" 


40° 40' 40" 


impossible ; 


why? 






a 


B 


c 


b 


A 


11 


92«>47'32" 


50° 2' 1" 


91° 47' 40" 


50° 


92° 8' 23" 


12 


2« 0'55" 


12° 40' 


2° 3' 65.7" 


0° 27' 10.2" 


77° 20*28.4" 


13 


20° 20*20" 


38° 10' 10" 


25° 14' 38.2" 


15° 16' 50.4" 


64° 35' 16.7" 


14 


64^30' 


35° 30' 


59° 61' 20.8" 


30° 8' 39.2" 


70° 17' 36" 




e 


A 


a 


b 


B 


16 


69^25' 11" 


54° 54' 42" 


50° 


56° 50' 49.3'' 


63° 25' 4" 


16 


112^^48' 


56° 11' 56" 


50° 


127° 4' 30" 


120° 3' 60" 


17 


46° 40*12" 


37° 46' 9" 


26° 27' 24" 


39° 57' 41.5^' 


62° 0' 4" 


18 


118*40' 1" 


128° 0' 4" 


136° 15* 32.3" 


48° 23' 38.4" 


68° 27' 4.3" 




A 


B 


a 


b 


e 


19 


63*15' 12" 


135° 33' 39" 


49° 59' 56" 


143° 5' 12" 


120° 55* 34.3" 


20 


116° 43' 12" 


116° 31' 25" 


120° 10' 3" 


119° 59' 46" 


76° 26* 68" 


21 


46° 59' 42" 


57° 59*17" 


36° 27' 


43° 32' 30". 


54° 20' 


22 


90° 


88° 24' 35" 


90° 


88° 24' 35" 


90° 
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23. Define a quadrantal triangle, and show how its solution 
may be reduced to that of the right triangle. 

24. Solve the quadrantal triangle whose sides are : 

a = 174n2'49.1", i = 94^8'20", c = 90\ 

25. Solve the quadrantal triangle in which 

e? = 90^ J^ = 110**47'50", ^ = 135*'35'34.5". 

26. Given in a spherical triangle A, (7, and c = 90® ; solve 
the triangle. 

27. Given ^ = 6b^ C^=90®, and ^ = 90'^; solve the tri- 
angle. 

28. Given in a right spherical triangle, A = 42** 24' 9", 
^ = 9''4'11"; solve the triangle. 

29. In a right triangle, given a= 119'^ 11', 5 = 126° 54'; 
solve the triangle. 

30. In a right triangle, given c = 50°, b = 44° 18' 39" ; solve 
the triangle. 

31. In a right triangle, given ^=156° 20' 30", a=65° 15'45"; 
solve the triangle. 

32. If the legs a and i of a right spherical triangle are 
equal, prove that cos a = cot-4 = Vcosc. 

33. In a right triangle prove that cos*^ X sin*^ = sin (c—a) 
8in(c + a). 

34. In a right triangle prove that tana cose = sin b cot-B. 

35. In a right triangle prove that 

sin*^ = C08*-B + sin* a sin*-B. 

36. In a right triangle prove that 

sin (i + c) = 2 cos* iAcosb sin c, 

37. In a right triangle prove that 

sin (c — b) — 2 sin* iAcoab sin c. 

38. If, in a right triangle, p denote the arc of the great circle 
passing through the vertex of the right angle and perpendic- 
ular to the hypotenuse, m and n the segments of the hypote- 
nuse made by this arc adjacent to the legs a and b respectively, 
prove that (i.) tan* a = tan e tan m, (ii.) sin'jp = tan m tan w. 
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§ 49. Solution of the Isosceles Spherical Triangle. . 

If an arc of a great circle is passed through the vertex of 
an isosceles spherical triangle and the middle point of its base, 
the triangle will be divided into two symmetrical right tri- 
angles. In this way the solution of an isosceles spherical 
triangle may be reduced to that of a right spherical triangle. 

In a similar manner the solution of a reg^ilar spherical 
polygon may be reduced to that of a right spherical triangle^ 
Arcs of great circles, passed through the centre of the polygon 
and its vertices, divide it into a series of equal isosceles trir 
angles ; and each one of these may be divided into two equal 
right triangles. 

Exercise XXIII. 

1. In an isosceles spherical triangle, given the base b and 
the side a; find A the angle at the base, B the angle at the 
vertex, and h the altitude. 

2. In an equilateral spherical triangle, given the side a; 
find the angle A. 

3. Given the side a of a regular spherical polygon of n 
sides; find the angle A of the polygon, the distance R from 
the centre of the polygon to one of its vertices, and the dis- 
tance r from the centre to the middle point of one of its sides. 

4. Compute the dihedral angles made by the faces of the 
five regular polyhedrons. 

5. A spherical square is a spherical quadrilateral which 
has equal sides and equal angles. Its two diagonals divide it 
into four equal right triangles. Find the angle A of the 
square, having given the side a. 
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THE OBLIQUE SPHERICAL TRIANGLE. 

§51. Fundamental Formulas. 

Let ABC (Fig. 41) be an oblique spherical triangle, a, b, t 
its three sides, A, -B,C the angles 
opposite to them, respectively. 

Through C draw an arc CJD of 
a great circle, perpendicular to 
the side AB^ meeting AB at -D. 
For brevity let CD=p, AD=^m, 
BD=-n, AACB = x, A BOB 

1. By §46 [38], in the right 
triangles ^i)(7and ABQ, 

%\wp = sin a sin B, 
and sinjo = sin h sin A. 

Therefore, sina sinB = smb sin A ^ 

similarly, 8ina8iiiiO=8inc siiiA|* [43] 

and sinb sinO = sine sinB J 

These equations may of course also be written in the form 
of proportions ; as, for example, 

sin a : sin 5 = sin A : sin B. 

In Fig. 41 the arc of the great circle CD cuts the side AB 
within the triangle. In case it cut AB produced without the 
triangle, sin (ISO'' - A\ sin (180^ - 5), or sin (ISO'' - C), would 
be employed in the above, proof instead of sin ^, sin ^, or 
sin C. These sines, however, are equal to sin A, sin B, and 
sin C^ respectively, so thai the' Formulas [43] hold true in all 
cases. 
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2. In the right triangle BDC, by §46 [37], 

cosa = co8|> cosn = co8|> C08(tf — m), 
or (§ 32) cosa = cos^ cose? cosw -p cos^ sine sinm. 

Now, cosp cosm = cosi ; (§ 46 [37]) 

whence, cos^ =co8i8ec7n, 

and cosp sin m = cos h tan m 

= cosi tan i cos A (§ 46 [39]) 

= sini cos -4. 

Substituting these values of cos^ cosm and cos/> sinm in 
the value of cosa, we obtain 

OMa = oo8bcoBO-f Binb sincoosA ^ 
and similarly, oosb = coea OMO -f- sina sine oos B > • [44] 

ooso =coBacoBb + 8ina sinb cosO J 

3. In the right triangle ^Z)C; by §46 [41], 

cos ^ = cos|> sin x = cos;? sin (C?'— y), 
or (§ 32) cos A = cos|> sin Cco&y — coap cos C sin y. 

Now, cos/> siny =cos-B; (§46 [40]) 

whence, cosj? =cos-B cscy, 

and cos|? cosy = cos-B coty 

= cos B tan B cos a (§ 46 [42]) 

= sin^ cosa. 

Substituting these values of cos^ siny and cosp cosy in the 
value of cos^, we obtain 

oo8A = — cobB cobO +BinB sinO oosa^ 
and similarly, cosB = — cos A cosO + sin A sinO oosb > • [45] 
oobO = — oos A cobB -f- sin A sinB ooso J 

Formulas [44] and [45] are also universally true ; for the 
same equations are obtained when the arc CD cuts the side 
AB without the triangle. 
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Exercise XXIV. 

1. Wliat do Formulas [43] become if ^ = 90^? if 5 = 90**? 
if C7=90**? if a = 90°? if J^ = ^ = 90^? if a = ft = 90**? 

2. What does the first of [44] become if -4 = 0" ? if ^ = 90*' ? 
if ^-=180^? 

3. From Formulas [44] deduce Formulas [45], by means of 
tlie relations between polar triangles (§ 45). 



§52. Formulas for the Half Angles and Sides. 

From the first equation of [44], 

M _^ cosa — cosft cos<? 

cos A =? r—; — : ; 

sin 6 sine 

whence, 

1 >! sinft sine + cos^ cose — cosa 

1 — cos-A = — ; — : 

sin 6 sine 

__ cos (ft — g) — cosa 

sin 6 sine 

-, , A sinft sine — cosi cose + cosa 

1 + cos A. = : — ; — : l— — 

sin 6 sine 

__ cosa — cos (& + g) . 

sin& sine ' 

or, by § 34 [16] and [17], and § 35 [23], 

8in*i^ = 8ini(a-f-ft— c) sin}(a— ft+c) cscft csoc, 
cos* i -4 = sin } (a+ i+ c) sin i (6+ c— a) esc h cscc. 

Now, let \{a-^h-\-c)^B\ 

whence, J (5 + c — a) = s — a, 

}(a — ft + g) = s— ft, 

} (a + i — c) = 5 — c. 
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Then, by substitution and extraction of the square root, 

[46] 



sin i A— V«in(s — b) 8in(8 — o) osob csoo 

oos J A -^ Vans 8in(B — a) osob osoc 

taniA= Vosos o8o(s — a) 8in(s--b) Bin(s — o) 

In like manner it may be shown that 

sin J B = Vsin(s — a) Bin(s — o) osoa osoo, 

006 iB= Vsins 8in(B -b) osoa osoo, 

tan i B = Vosos o8o(s — b) sin(s — a) sin(s — o). 

sin JO = Vsin(B — a) 8in(s — b) osoa osob, 

cos i = Vsins 8in*(s — o) osoa osob, • 

tan JO = Vosos oso(s — o) 8in(s — a) Bin(s — b). 

Again, from the first equation of [45], 

_ COSjg cos CH- C08-4 . 

wot/ ■"" "■" 

whence. 



cosa= . T^ . ^ 

sin B sin G 



T ^ _ sin -B sin 67— cos B cos (7— cos A 

1 — cosa = : — —— : — — , 

sin B sin 

1 , sin ^ sin (7+ cos B cos O +cosA 

^ • ' sin^sinC ^^ 

»*• •« . . > . ■ ^ ^ ► • 

If we place J (-4 + -B + C) = /?, and proceed in the same 
manner as before, we obtain flie following results": 



sinja = V— oosS oos(8j-A) csoB osoO 
cos J a = Voos(S - B) po^(8 — 0) osoB osoO 



1 



tanja = V-oosS oo»(&t- A) 8eo(8-B) seo(8-~0)\ 



•[47] 



• 
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And, in like manner, 



• sin Jb = V— oobS oob(8 — B) oacA oaoO, 
cod J b = Voob(8^^A) cos (8^0) cboAcsoO, 
tan i b = V-oos8 oos(8-B) Beo(8- A) Beo(8-0). 

ffl^^o =V— oo88oos(8— C))csoAc8oB, 

COB J = Vcos (8 — A) cos (8 — B) cso A csoB, 

tan J = V-oosS cos(8-0) seo(8-A) sec(8-B). 

§53. Gauss's Equations and Napier's Analog3;es. 
By §31 [5], .; ; 

cos^(^ + j5) = cos^-4 cos^-B— sin^^ sin^jS; 
- . j 
or, by substituting for cok^A, cos^jB, sin^^, sin^jB, tbeir 
values given in § 52, and reducing. 



cos 



UA I ^)-. MP^sin(8-^) ^^ l 8ina8in(s-&) 
Al sin ^ sine? y sin a sine 

f sin (s — b) sin (s — c) / sin (s— a) ein (s—c) 
Al sin 6 sine? Af sinasinc 

_ sin8— sin(5— g) I sin (a — a) sin (s — b) 

sin (? if sin a sin b 

\ This value, by applying §§ 33.(12], 35 [21], and observing 
fbat the quantity under the radical is equal to sin iC, becomes 



cos 



^(^ + ^) = 2sini..cos(.--ic) ^.^^^ 
^^ ^ gsUL^ccos^c ^ 



which, by cancelling commai -factors, multiplying by cos^c, 
and observing that s — ^c = •J-(a'+ *), reduces to the form 

' .'♦ '^ -4- • 

cos^(-4 + .S)cosJc = cosJ(a + 5)sin^(7. ; ... ■ 
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By proceeding in like manner with the values of 

Bm^(A + B), co8^(A-£), and 8ini(^-J5), 

three analogous equations are obtained. 

The four equations, 

OMi(A + B)oM}o = OM}(a + b)8in}0 
nn }(A + B) COB io = COB }(a - b) COB }0 
cos } ( A - B) Bin i = sin } (a + b) sin } 
sin } (A — B) sin ic = Bin } (a — b)oo8 }0 . 

are called Gauss's Equations. 

By dividing the second of Gauss's Equations by the first, 
the fourth by the third, the third by the first, and the fourth 
by the second, we obtain 



[48] 



[49] 



tan i (A + B) = 5?4^i:pg oot J 
008j(a + b) 

These equations are called Napier's Analogies. 

In the first equation the factors cos i (a — i) and cot } O are 
always positive; therefore, tan^(-4 + -B) and cos-J^(a + i) 
must always have like signs. Hence, if a-\-b< 180**, and 
therefore cos i (a + i) > 0, then, also, tan i(A + £)> 0, and 
therefore A + B< 180**. Similarly, . it follows that if 
a + i>180^ then, also, ^ + ^>180°. If a + ft = 180^ 
and therefore cos J (a + i) = 0, then tan } (-4 + -B) = oo ; 
whence i(A + B) = 90^ B,niA + B = 180^ 

Conversely, it may be shown from the third equation, that 
a + b is less than, greater than, or equal to 180®, according as 
A + B ia less than, greater than, or equal to 180**. 
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§54. Case I. 

Oiven, two sides, a and ft, and the included angle C. 
The angles A and B may be found by the first two of 
Napier's Analogies ; viz. : 

tan J (^ + -B) = 22iM«ZLg cot J C. 
cos } (a + b) 

tanJ(^-5) = SEii«Zl|) cotJC. 
Sin i (a + o) 

After A and B have been found, the side c may be found 
by [43] ; but it is better to use for this purpose Gkiuss's Equa- 
tions, because they involve functions of the same angles that 
occur in working Napier's Analogies. Any one of the equa- 
tions may be used ; for example, from the first we have 



cosJ(-d+-B) 



Example. 



h- 

C- 

log cos J (a — 6) = 

log8eci(a + 6) •• 

logcotJC 



» 73° 58' 54", 
.38° 45' 0", 
»46°33'41", 
= 9.97914 
= 0.25658 
= 0.36626 



logtan}(^ + ^)- 0.60198 



logsec J(^-f 5) = 
logco8}(a + 6) = 
logsinJC 



■ 0.61515 
. 9.74342 
: 9.59686 



log cos }c 



. 9.95543 
. 25» 31' 



therefore, \{a — b) = 

i(a + 5). 

JO = 

log8in}(a — 6) = 

logc8cJ(a + 6) = 

log cot J C 



17° 36' 57" 
: 56° 21' 57' 
■ 23° 16' 50.5" 

. 9.48092 
•■ 0.07966 
■• 0.36626 



log tan i(^-^) = 9.92674 



h{A-B)- 
A-. 
B- 



75° 57' 40.7" 
40° 11' 25.6" 

116° 9' 6.3" 
36° 46' 15.1" 

■ 51° 2^ 



If the side c only is desired, it may be found from [44], 
without previously computing A and B. But the Formulas 
[44] are not adapted to logarithmic work. Instead of chang- 
ing them to forms suitable for logarithms, we may use the fol- 
lowing method, which leads to the same results, and has the 
advantage that, in applying it, nothing has to be remembered 
except Napier's Rules : 
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Make the triangle (Fig. 42), as in § 51, equal to the sum 

(or the difference) of two right 
triangles. For this purpose, 
through B (or A, but not C) 
draw an arc of a great circle 
perpendicular to AC, cutting 
ACeXD. Let BI)=p,CD=7n, 
AD = n ; and mark with crosses 
the given parts. 
By Rule I., 

COB C = tan m cot a, 
whence tanm = tana cos C. 
By Rule II., 
COB a = cos w cos^, whence cos 2? = cos a sec m. 
COB c = cos n cos 2?, whence cos^? = cos c seen. 
cos c secn = cos a sec m ; 
n = b — 7n, cos (? = cosa sec m cos {b — m). 

It is evident that c may be computed, with the aid of loga- 
rithms, from the two equations 
tanm = tana cos C, 
cos c = cos a sec m cos (b — m). 

Example. Given a = 97^ 30' 20", b = 55^ 12' 10", C= 39° 
58'; find c. 




Therefore, 
or, since 



log tan a = 0.88025 (w) 
logcos C = 9.88447 
logtanm = 0.76472 (n) 
m= 99° 45' 14" 
J ~ 7/1 = -44° 33' 4" 



logcosa = 9.11602 (n) 
log cos (5 - m) = 9.85286 
log seem = 0.77103 (n) 
logcos c = 9.73991 

(7 = 56° 40' 20" 



Exercise XXV. 

1. Write formulas for finding, by Napier's Rules, the side 
a when 6, c, and A are given, and for finding the side b when 
a, c, and B are given. 
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2. Given a = 88" 12' 20", 5 = 124" 7' 17", C=50°2'l" 
find A = 63° 15' 11", £ = 132" 17' 59", c = 59° 4' 18". 

3. Given a = 120° 55' 35", b = 88° 12' 20", C= 47° 42' 1" 
find A = 129° 58' 3", £ = 63° 16' 9", c = 55° 52' 40". 

4. Given 6 = 63° 15' 12", c = 47°42'l", .4 = 59° 4' 25" 
find .5 = 88° 12' 24", 0= 55° 52' 42", o = 50° 1' 40". 

5. Given J = 69° 25' 11", c = 109° 46' 19", A = 54° 54' 42" 
find JB = 56° 11' 57". 0= 123° 21' 12", a = 67° 13'. 



§ 55. Case II. 

Oiven two angles, A and B, and the included side c. 
The sides a and h ma.j be found by the third or fourth ol 
Napier's Analogies, 

tani(a + *) = 22«iM^tanJc, 
COS J (^ + JB) 

tanj(a-6) = ^4^4^tan}.. 
Sin i{A + JB) 

and then the angle (7. may be found by one of Gauss's equa 
tions ; as, for instance, the second, which gives 

,^ sin K-^ + -g) 1 

COSiC/ = ^, ^— rr<COSic. 

COS } (a — o) 



Example. 






logcoai(A-B)-- 
log8ec}(il + j?) = 
log tan ic 



=107° 47' 7" 
: 38° 58' 27" 
, 51041/ 14*; 

■■ 9.91648 
: 0.54359 
9.68517 



logtaiii(a + 2') =0.14524 



logBin}(il + J5) = 
logBec}(a — 6) = 
log cos }c 



. 9.98146 
> 0,01703 
9.95423 



log cos J C 



iC= 



9.95272 
26° 14' 52.5" 



H^ + B)-. 
ic- 
I log8ini(^-^) = 

l0gC8Ci(^ + J?) = 

logtan^c 



: 34° 24' 20'' 
: 73° 22' 47" 

25° 50^37" 

9.75208 

0.01854 
■ 9.68517 



logtaiii(o-&) =9.45579 



J(a-5) = 






54°24'24.4'- 
15° 56' 25.6'" 
70° 20' 50" 
^8° 27' 59" 
52°29'45'' 
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If the angle (7 alone is wanted, the best way is to decompose 
the triangle into two right triangles, and then apply Napier's 
Rules, as in Case I., when the side c alone is desired. 

Let (Fig. 43) Z ABD = x, ZCBD = y, BD=p\ then, 

By Rule I., 

cose = cot a: cot -4, 
whence cotar = tan A cose. 

By Rule II., 

cos^ = COS/? sin a:, 
whence cos ^ = cos^ esc a?. 

cosC = cos^siny, 
whence cos p = cos Ccacy. 

Therefore, 

cos C = cos-4 CSC a; siny = cos^ esc a: sin {B — x). 
It is clear that (7 may be computed from the equations 
cot a; = tan A cos c, 
cos(7= cos A CSC X sin (^B — x). 

ExAMPLB. Given ^ = 35^ 46' 15", ^=115^9'7", c=61*2'; 
find (7. 




logtan^ = 9.85760 
logcosg =9.79856 

logcota; =9.65616 

X =65° 37' 35" 
B-x =49** 31' 32" 



log cos ^ =9.90992 

log8in(^-a;) = 9.88122 

log CSC a: = 0.04055 

logcos (7= 9.83099 

(7=47^20*30" 



Exercise XXVI. 

1. What are the formulas for computing A when j5, (7, and 
a are given; and for computing B when A^ C, and b are 
given? 

2. Given ^ = 26** 58' 46", ^ = 39*»45'10", c = 154** 46' 48"; 
find a = 3r 14' 10", b = 121** 28' 10", C= 161** 22' 11". 
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3. Given A = 128** 41' 49", £ = 107" 33' 20", c = 124'' 12 
31" ; find a = 126" 41' 44", i = 82" 47' 34", 0= 127" 22'. 

4. Given 5 = 153" 17' 6", C= 78" 43' 36", a = 86" 15' 15"; 
find ft = 152" 43' 61", c = 88" 12' 21", ^-78" 15' 48". 

6. Given ^ = 125" 41' 44", (7= 82" 47' 35", i = 52" 37' 57"; 
find o= 128" 31' 46", c = 107" 33' 20", ^ = 55" 47' 40". 

§56. Case III. 

Oiven two sides a and h, and the angle A opposite to one oj 
thefra. 

The angle B is found from [43], whence we have 

sin jB = sin ^ sin h esc a. 

When B has been found, C and c may be found from the 
fourth and the second of Napier's Analogies, from which we 
obtain 

tanJ.=:§J4^4+|^tani(«-i). 
Sin \\^A — B) 

cot \C= ^'^ti""'"S tan § (^ - B). 
Sin } (a — 6) 

The third and the first of Napier's Analogies may also be 
used for the same purpose. 

Note 1. Since B is determined from its sine, the problem in general 
has two solutions ; and, moreover, in case sin ^> 1, the problem is impos- 
sihle. By geometric construction it may be shown, as in the correspond- 
ing case in Plane Trigonometry, under what conditions the problem 
really has two solutions, one solution, and no solution. But in practical 
applications a general knowledge of the shape of the triangle is known 
beforehand ; so that it is easy to see, without special investigation, which 
solution (if any) corresponds to the circumstances of the question. 

It can be shown that in general there are two solutions, when 
^<90°, a + 6<180°, anda<&, 
or, when ^>90°, a + 6>180^ anda>6. 
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Note 2. The side c or the angle C may be compated, without first 
finding B^ by means of the formulas 

tanm *- cos ^ tan 6, and co8(6 — m)*-co8aXBec6x cosm, 

cot 9 — tan^ cosi, and coe(C— «) -» cot a x tan6 x cosx. 

These formulas may be obtained by resolution of the triangle into 

right triangles, and applying Napier's Rules ; m is equal to that part of 

the side c included between the foot of the perpendicular from C and the 

vertex A, and x is equal to the corresponding portion of the angle C. 

Example. Given a - 67« 36', b - 31« 12', A = 104« 25' 30". 

In this case A> 9QP, 

and a + 6<18(y»; 

therefore, -4 + -B<18(y»; 

hence, 5< 90*», 

and only one solution. 

a + b -88«5(/ 
a-b ^26''2& 
il + 5=140°51'53" 
A-B^ 67^59' 7" 
logsin}(^ + 5) = 9.97416 
log CSC} (^--5) =0.25252 
logtan}(a-5) =9.37080 
logtan}c = 9.59748 

}c = 21<»35'38" 
c = 43<»ll'16" 



logsinil»9.1 
log sin 6 » 9.71435 
log CSC g -0.07349 

log sin 5 =9.77393 

5 = 36*»27'20" 



}(a-6). 

HA + B)-- 

HA-B)- 

logsin }(<» + ^) = 

logc8cJ(a — ft) = 

logtan|(ii~^) = 



44<»25' 
. 13<> 13' 
70^ 26' 25^' 
33*59' 5" 
9.84502 
0.64086 
9.82873 



log cot} Cs 
0' 



0.31461 
25'' 51' 16" 
51»42'30" 



Exercise XXVII. 

1. Given a = 73° 49' 38", b = 120° 53' 35", .4 = 88° 52' 42"; 
find JB = 116° 42' 30", c = 120° 57' 27", C= 116° 47' 4". 

2. Given a = 150° 57' 5", i = 134° 15' 54", A = 144° 22' 42" ; 
find J5, = 120° 47' 45", c, = 55° 42' 8", C, = 97° 42' 55.4" ; 

£t= 59° 12' 15", c, = 23° 67' 17.4", Ci = 29° 8' 39". 

3. Given a = 79° 0' 54.5", i = 82° 17' 4", ^ = 82° 9' 25.8" ; 
find B = 90°, c = 45° 12' 19", C= 45° 44'. 

4. Given a = 30° 52' 36.6", b = 31° 9' 16", A = 87° 34' 12" ; 
show that the triimgle is impossible. 
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§ 57. Case IV. 

Oiven two angles A and J5, and the side a opposite to one of 
them. 

The side b is found from [43], whence 

sin J = sin a sin 5 CSC -4. 

The values of c and may then be found by means of Na- 
pier's Analogies, the fourth and second of which give 

tani.=S4^4+|)tani(a-i). 
^ sinj(^-^) '^ ^* 

cotia=?|5l^^i|i tan i(^ -^). 
sin i{a — b) 

Note 1. In this case, also, an unknown part is found from its sine.* 
and it may be shown that, under certain conditions, the problem is im- 
possible, or that it admits of two solutions. In practice, the ambiguity is 
usually removed by the circumstances of the question. If sin b>l the 
problem of course is impossible ; and it may be shown that there are two 
solutions, when 

a<90°, ^ + ^<180°, and^<5. 
or o>90°, ^+^>180°, and^>^. 

Note 2. By proceeding as indicated in Case III., Note 2, formulas for 
computing c or Q independent of the side b, may be found ; viz. : 

tanm = tan a cos £, and sin (c — m) = cot A tan B sin m, 
cot X =» cos a tan 5, and sin {0— x) = cos A sec B sin x. 

In these formulas m = BD, a? = Z BCD, D being the foot of the per- 
pendicular from the vertex C. 

Exercise XXVIII. 

1. Given ^ = 110^ 10', ^ = 133^8', a=147*'5'32"; find 
b = 165° 5' 18", c = 33° V 36", C= 70° 20' 40". 

2. Given ^ = 113° 39' 21", ^ = 123° 40' 18", a =65° 39' 46"; 
find 6 = 124° 7' 20", c = 159° 53' 2", C= 159° 43' 35". 
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3. Given ^=10(^2' 11.3", J5=98^30'28", a = 95**20'S8.7'^ 
find i = 90^ c = 147^41'43", C= 148**5'33". 

4. Given ^=24^ 33' 9", J5=38^0'12", a = 65*» 20' 13" ; 
show that the triangle is impossible. 



§ 58. Case V. 

Oiven the three sides, a, 6, and c. 

The angles are computed by means of Formulas [46], and 
the corresponding formulas for the angles B and C. 

The formulas for the tangent are in general to be preferred. 
If we multiply the equation 



1 sin (s — a) 

1 :— 7 V 

sin (8 — a) 



tan 1 -4 = Vcsc s esc (s — o) sin (s — h) sin (s — c) 

by the equation 

and put 

Vcsc 8 sin (5 — a) sin (s — 6) sin (5 — c) = tan r, 

and also make analogous changes in the equations for tan i B 
and tan} (7, we obtain 

tan i A = tanr esc (s — a), 
tan}j5 = tanr C8c(s — 6), 
tan } (7 = tanr esc (s — c), 

which are the most convenient formulas to employ when all 
three angles have to be computed. 



Example 1. 



a= 50° 54' 32" 

6= 37°47M8" 

c== 74° 51^50'' 

28 = 163°3y4(y' 

«= 81° 46^50" 

«-a= 30° 52^18" 

*-6= 43° 59^32" 

*-c- 6°66' 0^ 



log CSC 8 » 0.00448 

logC8c(«-o)= 0.28978 

logBin(«-6)- 9.84171 

log8in(«-c)- 9.08072 

2)19.21669 

logtan}^- 9.60835 

M-22° 5'20^ 

il = 44°10'40" 
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Example 2. 



a = 124^12' 31" 

c= 97°12'26" 

2« = 275043' 12" 

log8in(«-o) = 9.37293 

log8in(8- 6) = 9.99725 

log sin (s- c) = 9.81390 

log CSC 8 = 0.17331 

l<^tanV = 9.35739 

logtaiir = 9.67870 



• = 137*' 51' 36" 
«-a= 13°39' 5" 
«-6= 83°33'20" 
«-c= 40° 39^11" 

log tan J^ = 0.30577 
logtanJ5 = 9.68145 
logtan}C = 9.86480 



Jil=» 63° 41' 3.8" 

}5- 25° 39' 5.6" 

1C= 36° 13' 20.1" 

il=127°22' 7" 

5= 51° 18' 11" 

C= 72° 26' 40" 



Exercise XXIX. 

1. Given a = 120° 55' 35", b = 59*^ 4' 25", c = 106° 10' 22" 
find ^ = 116° 44' 49", £ = 63° 15' 14", 0= 91° 7' 21". 

2. Given a = 50° 12' 4", b = 116° 44' 48", c =129° 11' 42" 
find ^ = 59° 4' 28", ^=94° 23' 12", (7= 120° 4' 52". 

3. Given a = 131° 35' 4", i = 108° 30' 14", t?=84°46'34" 
find A = 132° 14' 21", £ = 110° 10' 40", C= 99° 42' 24". 

4. Given a = 20° 16' 38", J --= 56° 19' 40", c- 66° 20' 44" 
find A = 20° 9' 54", £= 55° 52' 31", 0=. 114° 20' 17". 



§59. Case VI. 

Oiven the three angles, A, B, and C. 

The sides are computed by means of Formulas [47], and 
the corresponding formulas for the angles B and C. The 
formulas for the tangents are in general to be preferred. 

If we multiply the equation 

tan Ja= V- co^8co^{8- A) sec(/S- J5)sec(/8'-(7) 



by the equation 
and put 



1 _- Sec(/y— ^) 
sec(/S'-^y 



V— cos/S'sec(/8'— A)sQG (S- B) sec {S—C) = tan B, 
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and also make analogous changes in the equations for tan } b 
and tan i c, we obtain 

tan}a = tan-Rco8(/S- 4), 

tan } J = tan iZ 008(5— B), 

tan ic = tan H cos(S— C), 
which are the most convenient formulas to use in case all 
three angles hare to be computed. 



Example I. ^1-220° 


log 008 6f= 9.53405 (n) 


5-.130« 


logco8(iy-^) = 9.93753 


c-i5(y» 


logsec(/8f- -5) -0.30103 (n) 


2/8f-50(y 


logs©c(i8f-C7) = 0.76033 (n) 


iSr-2500 


2)0.53294 


S^A^ 30« 


log tan} a- 0.26647 


^-5-120° 


}<»« 61° 34' 6'' 


. 8^0 ^io(y> 


a-123*» 8' 12" 



Note. Here the effect, as regards algebraic sign, of three negative 
factors, is cancelled by the negative sign belonging to the whole fraction. 

Example II. -4- 20° 9^56^' 



B^ 66° 52^32" 
g- 114° 20^ 14" 
2/^-190° 22' 42" 
log cos /8f- 8.95638 (n) 
log sec(/8f--^)- 0.58768 
log Bec(6f- 5) =-0.11143 
logs ec(^-C) = 0.02472 
log tan»i2 = 9.68021 
log tan i2 = 9.84010 



iSf- 95° 11' 21" 
S-^A^ 75° 1'25" 
iSr--B= 39° 18' 49" 
^_(7 = _19° 8' 53" 

logtan}a = 9.25245 
logtan}6 = 9.72867 
logtan}c = 9.81538 

}a = 10° 8' 18.9" 

}6 = 28° 9' 50.4" 

}c= 33° 10^21.3" 

a = 20° 16' 38" 

6 = 56° 19' 41" 

c = 66° 20' 43" 



Exercise XXX. 

1. Given ^ = 130^ j5 = 110°, 0=80''; 

find a = 139° 21' 22", ^> = 126° 57' 52", c = 56° 51' 48". 

2. Given A = 59° 55' 10", B - 86° 36' 60", C= 59° 55' 10" ; 
find a = 51° 17' 31", b = 64° 2' 47", c = 51° 17' 31". 
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3. Given A = 102^ 14' 12", B = 54° 32' 24", C= 89° 5' 46" ; 
find a = 104° 25' 9", b = 53° 49' 25", c = 97° 44' 24". 

4. Given ^ = 4° 23' 35", J5 = 8° 28' 20", C= 172° 17' 56" ; 
finda = 31°9'll", 5 = a4°18'28", € = 115° 9' 56". 

§60. Area op a Spherical Triangle. 

I. When the three angles A, B, C, are given. 

Let R = radius of sphere, 

E= the spherical excess = -4 + -B+ C— 180°, 
JP= area of triangle ; 

then, by Solid Geometry, 

P^^^B«. [50] 

180° 

II. When the three sides a, i, c, are given, 

A formula for computing the area is deduced as follows : 
From the first of [48], 

cosK^+^) _ cosKa + &) ; 
cos(90°-iC) cG^\c 

whence, by the Theory of Proportions, 

cos^U+.g)-cos(90^-^g) _ oo8JKa+£)-cos^c (a) 
cosi(^+^) + cos(90°~i(7) cosi(a+*) + cosic 

Now, in § 35, the division of [23] by [22] gives 

^^?A:z^^^^-i^n\{A+B)i^n\{A-By (b) 

cos -4 + cos 5 

in which for A and B we may substitute any other two angu- 
lar magnitudes, as for example, i(,A + B) and (90 - \ C), or 
J(a + J) and ic 

If we use in place of A and B the values \{A + B) and 
(90»1-^C), the first side of equation (b) becomes 

nos ^r^4-^^-co8(90°-ig) . 
cosiU + ^) + cos(90°-iO 
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and the second side becomes 

or, 

-'iBini(A + B-C+l8(f)t&ni(A + B+0-18(f). 

If we remember that ^= ^ + ^ + C— 180^, and observe 
that 

tan J(^+5,-C+18(r)=tan i(360^-2{7+^+5+(7-180^) 
==tanK360^-2C+^) 
=tan[90°-J(2C-^)] 
=coti(2C-^), 

it will be evident that equation (b) may be written 

coBi(A+B)-cos{90^~\C)^_ ^ (2C-^) tan jK (c) 
co8i(^+£)+cos(90^-J(7) ^ ^ ^^ 

If we substitute, in equation (b), for A and B, the values 
i(a + h) and } c, and also substitute 8 for i(a-{-b + c) and 
s — c for } (a + ^ — c), equation (b) will become 

cos}(a + 5) — cosltf . 1 . ,/ X ,jx 

— ■) ; ,( , —= - tan J«tan } (s~c). (d) 

cosi(a + 6) + cosltf ^ 

Comparing (a), (c), and (d), we obtain 

cot t (2C- U) tan i E= tan Is tan J(«-4 (e) 

By beginning with the second equation of [48], and treating 
it in the same way, we obtain as the result, 

tanl(2(7-^)tanl^=tani(s-a)tan}(s-6). (f) 

By taking the product of (e) and (f), we obtain the elegant 
formula, 

tanHE = tanlBtan}(B-a)tanJ(B-b)tan}(B-o), [51] 

which is known as I'Huilier's Formula. 

By means of it ^ may be computed from the three sides, 
and then the area of the triangle may be found by [50]. 
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III. In all other cases, the area may be found by first solv- 
ing the triangle so far as to obtain the angles or the sides, 
whichever may be more convenient, and then applying [50] 
or [51]. 



Example I. ^ = l02<»14a2'' 
5= 54° 32^24^' 
(7=- 89° 5' 46" 



245° 52^22" 
E= 65° 52^22" 
- 237142'' 
180° = 648000^' 

Example II. a = 133° 20^19'' 
6= 64°50'53'' 
c = 144°13'45'' 



*log 



log J^- 5.37501 

= 4.68657-10 



648000 



0.06058 
l?*- 1.1497 i? 



2« = 342°30^ 

«=171°15'28.5'' 

s-a= 37° 49^ 9.5^' 

«-6 = 106°24'35.5" 

a-c= 27° 1'43.5" 






.85°37'44<' 
.18°54r35'' 
.53° 12' 18" 
a3°30'52" 



logtan}8 = 
logtan}(« — a) = 
logtanJ(« — 6) = 
logtan}(8-- c) = 



: 1.11669 
- 9.53474 
. 0.12612 
: 9.38083 



logtan»J.^= 
logtan \E= 

\^- 
E' 



0.15838 
0.07919 
50°11'43" 
200° 46 '52" 



Exercise XXXI. 



1. Given A = 84° 2Qf 19", B = 27° 22' 40", = 75** 33' ; 
find U= 26159", F= 0.12685 JS». 

2. Given a = 69° 15' 6", b = 120° 42' 47", c = 159° 18' 33" ; 
find ^=216° 40' 18". 

3. Given a = 33° 1' 45", ^> = 155° 5' 18", C=110°10'; 
find ^=133° 48' 53". 

4. Find the spherical excess of a triangle on the earth's 
surface (regarded as spherical), if each side of the triangle is 
equal to 1°. 



* See Wentworth & Hill's Tables, page 20. 



CHAPTER Vn. 
APPLICATIONS OF SPHERICAL TRIGONOMETRY. 

§ 61. Peoblem. 
To reduce an angle measured in space to the horizon^ 
Let O (Fig. 44) be the position of the observer on the 

ground, AOB = h the angle 
measured in space (for example, 
the angle between the tops of 
two church spires), OA' and OJff 
the projections of the sides of the 
angle upon the horizontal plane 
HR, AaA'=m and jBO£'=n 
the angles of inclination of OA 
and OB respectively to the 
horizon. Required the angle 
A*OB'=x made by the projec- 
tions on the horizon. 
The planes of the angles of inclination AOA^ and BOB* 
produced intersect in the line 0(7, which is perpendicular to 
the horizontal plane (Geom. § 475). 

From as a centre describe a sphere, and let its surface 
cut the edges of the trihedral angle O-ABO in the points 
M, iV; and P. In the spherical triangle MNP the three 
sides MN^K MF=90''-m, NP=W-n, are known, and 
the spherical angle P is equal to the required angle x. 
From § 52 we obtain 

cos -J- a? = Vcos 8 cos (s — A) sec m sec n, 




fig. 44. 



where |-(m + n + A) = 5. 
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§ 62. Problem. 

To find the distance between two places on the eartKs surface 
(regarded as spherical)^ given the latitudes of the places and 
the difference of their longitudes. 

Let M and iV(Fig. 45) be the places; then their distance 
MN is an arc of the great cir- 
cle passing through the places. -^ 

Let P be the pole, AB the y^ \\"^ 

equator. The arcs MR and / \ \J \ 

NS are the latitudes of the / ......\ A \ 

places, and the arc i2/S, or the A''^' V\r \^^\r 

angle MFN, is the difference rv^^^^ /|* \-^ 

of their longitudes. Let MR \ 'y '~R "' / 

=^a,N8=-h, RS=l; then in \v/ / 

the spherical triangle MNP ^^^^^^ ^^y^ 

two sides, J!fP= 90 -a, NP ^..^ ^ 

= 90 — 6, and the included 
angle MPN= I, are given, and we have (from § 54) 

tan m = cot a cos Z, 

cos MN= sin a sec m sin (b + m). 

From these equations first find m, then the arc MN, and 
then reduce MN to geographical miles, of which there are 60 
in each degree. 

§ 63. The Celestial Sphere. 

The Oelestial Sphere is an imaginary sphere of indefinite 
radius, upon the concave surface of which all the heavenly 
bodies appear to be situated. 

The Oelestial Equator, or Equinoctial, is the great circle in 
which the plane of the earth's equator produced intersects 
the surface of the celestial sphere. 

The Polea of the equinoctial are the points where the earth's 
axis produced cuts the surface of the celestial sphere. 
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The Oelestial Meridian of an observer is the great circle in 
which the plane of his terrestrial meridian produced meets 
the surface of the celestial sphere. 

Hour OiroleB, or OiroleB of Deolisation, are great circles passing 
through the poles, and perpendicular to the equinoctial. 

The HoriMm of an observer is the great circle in which a 
plane tangent to the earth's surface, at the place where he is, 
meets the surface of the celestial sphere. 

The Zenith of an observer is that pole of his horizon which 
is exactly above his head. 

Vertical OiideB are great circles passing through the zenith 
of an observer, and perpendicular to his horizon. 

The vertical circle passing through the east and west points 
of the horizon is called the Prime Vertical; that passing 
through the north and south points coincides with the celestial 
meridian. 

The Ediptic is a great circle of the celestial sphere, appar- 
ently traversed by the sun in one year from west to east, in 
consequence of the motion of the earth around the sun. 

The Equinoxes are the points where the ecliptic cuts the 
equinoctial. They are distinguished as the Vernal equinox 
and the AtUumnal equinox ; the sun in his annual journey 
passes through the former on March 21, and through the 
latter on September 21. 

Qiicles of Latitude are great circles passing through the 
poles of the ecliptic, and perpendicular to the plane of the 
ecliptic. 

The angle which the ecliptic makes with the equinoctial is 
called the obliquity of the ecliptic; it is equal to 23*27', 
nearly, and is often denoted by the letter e. 

These definitions are illustrated in Figs. 46 and 47. In 
Fig. 46, AVBU is. the equinoctial, F and JP' its poles, I^FZS 
the celestial meridian of an observer, IfUSWhia horizon, Z 
his zenith, M a star, PMP the hour circle passing through 
the star, ZMDZ^ the vertical through the star. 
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In Fig. 47, AVBTJ represents the equinoctial, EVFU the 
ecliptic, Pand Q their respective poles, ythe vernal equinox, 
U the autumnal equinox, M a star, PMR the hour circle 
through the star, QMT the circle of latitude through the star, 
andZTF-^ = e. 





-:^S' AV ->- 



Fig. 47. 

The earth's diurnal motion causes all the heavenly bodies 
to appear to rotate from east to west at the uniform rate of 
16** per hour. If in Fig. 46 we conceive the observer 
placed at the centre 0, and his zenith, horizon, and celestial 
meridian fixed in position, and all the heavenly bodies rotat- 
ing around PP as an axis from east to west at the rate of 16** 
per hour, we form a correct idea of the apparent diurnal 
motions of these bodies. When the sun or a star in its diur- 
nal motion crosses the meridian, it is said to make a transit 
across the meridian ; when it passes across the part NWS 
of the horizon, it is said to set; and when it passes across the 
part NE8, it is said to rise (the effect of refraction being 
here neglected). Each star, as M, describes daily a small 
circle of the sphere parallel to the equinoctial, and called the 
Binmal Omde of the star. The diurnal circle is the smaller 
the nearer the star is to the pole ; and if there were stars at 
the poles P and P\ they would have no diurnal motion. To 
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an observer north of the equator, the north pole P is elevated 
above the horizon (as shown in Fig. 46) ; to an observer south 
of the equator, the south pole P' is the elevated pole. 

§64. Sphebigal Co-OBDnrATEs. 

Several gystems of fixing the position of a star on the sur- 
face of the celestial sphere at any instant are in use. In each 
system a great circle and its pole are taken as standards of 
reference, and the position of the star is determined by means 
of two quantities called its spherical co-ordinates. 

I. If ike horizon and the zenith are chosen, the co-ordinates 
of the star are called its altitude and its azimuth. 

The Altitude of a star is its angular distance, measured on 
a vertical circle, above the horizon. The complement of the 
altitude is called the Zenith Distance. 

The Azimuth of a star is the angle at the zenith formed by 
the meridian of the observer and the vertical circle passing 
through the star, and is measured therefore by an arc of the 
horizon. It is usually reckoned from the north point of the 
horizon in north latitudes, and from the south point in south 
latitudes ; and east or west according as the star is east or 
west of the meridian. 

II. If the equinoctial and its pole are chosen, then the posi- 
tion of the star may be fixed by means of its declination and 
its hour angle. 

The Declination of a star is its angular distance from the 
equinoctial, measured on an hour circle. The angular dis- 
tance of the star, measured on the hour circle, /rom the elevated 
pole is called its Polar Distance. 

The declination of a star, like the latitude of a place on the 
earth's surface, may be either north or south ; but, in practical 
problems, while latitude is always to be considered positive, 
declination, if of a different name from the latitude, must be 
regarded as negative. 
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If the declination is negative, the polar distance is equal 
numerically to 90° + the declination. 

The Hour Angle of a star is the angle at the pole formed by 
the meridian of the observer and the hour circle passing 
through the star. On account of the diurnal rotation, it is 
constantly changing at the rate of 15® per hour. Hour angles 
are reckoned from the celestial meridian, positive towards the 
west, and negative towards the east. 

III. The equinoctial and its pole being still retained, we 
may employ as the co-ordinates of the star its declination and 
its right ascension. 

The Eight Asoension of a star is the arc of the equinoctial 
included between the vernal equinox and the point where the 
hour circle of the star cuts the equinoctial Right ascension is 
reckoned from the vernal equinox eastward from 0** to 360®. 

IV. The ecliptic and its pole may be taken as the standards 
of reference. The co-ordinates of the star are then called its 
latitude and its longitude. 

The Latitude of a star is its angular distance from the eclip- 
tic measured on a circle of latitude. 

The Longitude of a star is the arc of the ecliptic included 
between the vernal equinox and the point where the circle of 
latitude through the star cuts the ecliptic. 

In problems it is useful to employ certain letters to denote 
these various co-ordinates. For a star Jf (Fig. 46), lei= 
/ = latitude of the observer, 
h = DM = the altitude of the star, 
z = ZM = the zenith distance of the star, 
a = ZPZM= the azimuth of the star, 
i = ZZPM= the hour angle of the star, 
d = RM = the declination of the star, 
p = PM = the polar distance of the star, 
r = VB = the right ascension of the star, 
u=MT (Fig. 47) = the latitude of the star, 
v= Fr(Fig. 47) = the longitude of the star. 
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In many problems, a simple way of representing the mag- 
nitudes involved, is to project the sphere on the plane of the 

horizon, as shown in Fig. 48. 

NE8W is the horizon, Z 
the zenith, NZS the meridian, 
WZEi^e prime vertical, WAE 
the equinoctial projected on the 
plane of the horizon, P the ele- 
vated pole, M a star, DM its 
altitude, ZM its zenith dis- 
tance, APZM its azimuth, 
MR its declination, F M \\& 
polar distance, AZFM'\\& hour 
angle. 




§65. The Asteongmical Triangle. 

The triangle ZPM (Figs. 46 and 48) is often called the 
astrcnvomical triangle^ on account of its importance in prob- 
lems in Nautical Astronomy. 

The side PZ is equal to the complement of the latitude of 
the observer. For (Fig. 46) the angle ZOB between the 
zenith of the observer and the celestial equator is obviously 
equal to his latitude, and the angle POZ is the complement 
of ZOB, The arc NP being the complement of PZ, it follows 
that the altitude of the elevated pole ia eqrial to the latitude of 
the place of observation. 

The triangle ZPM then (however much it may vary in 
shape for different positions of the star Jf ), always contains 
the following five magnitudes : 

P^= co-latitude of observer = 90®— /, 

ZM= zenith distance of star = 2, 
PZM— azimuth of star == a, 

PJIf= polar distai^ce of star =|>, 
ZPM= Jiour angle of star = t 
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A very simple relation exists between the hour angle of the 
sun and the local (apparent) time of day. Since the hourly 
rate at which the sun appears to move from east to west is 
15**, and it is apparent noon when the sun is on the meridian 
of a place, it is evident that if hour angle = 0°, 15°, — 15°, etc., 
time of day is noon, 1 o'clock p.m., 11 o'clock A.M., etc. 

In general, if t denote the absolute value of the hour angle, 

time of day = -— p.m., or 12 — -— A.M., 
15 15 

according as the sun is west or east of the meridian. 

§ 66. Problem. 

Oiven the latitude of the observer and the aUitvde and azimuth 
of a $tar, to find its declination and its hour angle. 

In the triangle ZFM(Fig. 48), 

given FZ= 90° - ^ = co-latitude, 

ZM= 9ff'-h = co-altitude, 

Z.FZM= a = azimuth ; 

to find PM= 90° — d = polar distance, 

ZZFM= t = hour angle. 

Draw MQ± JVS, and put ZQ = m, 

then, if a< 90°, FQ = 90° - (Z + w), 

and if a>90°,PQ = 90°-(^-w); 

and, by Napier's Kules, 

cos a = ± tan m tan A, 
sin d = cos FQ cos MQ, 
sin h = cosm coa MQ\ 

whence, tan m = db cot A cos a, 

sin d = sin A sin (I db m) sec m, 

in which the — sign is to be used if a > 90°. The hour angle 
may then be found by means of [43], whence we have 

sin ^ = sin a cos h sec d. 
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§ 67. Fboblem. 

Tb find the hour angle of a heavenly body when its declina- 

tixm, its aUUvde, and the IcUt- 
^ tude of the place are known. 

In the triangle ZPM (Fig. 
49), 

given PZ=%(f-l, 

PM=W^-d = p, 
ZM=^(f-h\ 

required 

Z ZPM=- 1, 
If, in the first formula of [46], 




sin } ^ = Vein (« — b) sin (s — c) esc b esc c, 
we put 

A = t, a = 90** -A, b=p, c = 9(f — /, 
we have 

s-b = %(f-\(l+p + h\ a-c^iil+p-h), 

and the formula becomes 

sin } < = ± [cos } (Z -\-p + h) sin } (l-\'P — h) sec I csc^J,* 

in which the — sign is to be taken when the body is east of 
the meridian. 

If the body is the sun, how can the local time be found 
when the hour angle has been computed ? (See § 65.) 
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§68. Problem. 

To find the aUUude and azimvih of a celestial hody^ when Us 
declination^ its hour angle^ and the latitude of the place are 
known. 

In the triangle ZPM (Fig. 49), 

given PZ= 90° - I, 

FM=90''-d:=^p, 

ZZFM=:t; 
required ZM= 90** - A, 

ZFZM=a. 

Here there are given two sides and the included angle. 
Placing PQ = m, and proceeding as in § 66, we obtain 

tanw = cotc^cos<, 

sin h = sin (Z + m) sin d sec m, 

tana =sec(Z + m) tan^ sinm, 

in the last of which ^formulas a must be marked E. or W., to 
agree with the hour angle. 

§69. Problem. 

To find the latitude of the place when the altitude of a celes- 
tial body J its declination^ and its hour angle are known. 

In the triangle ZPM{Yig. 49), 
given ZM=9(f-h, 

PM=9&'-d, 
ZZPM=t; 
required PZ=9&*-1. 

Let PQ = 7n, ZQ = n. 
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Then, by Napier *s Rules, 



cos i = tanm tan d, 
sin h = cosn cos MQ, 
sin <f = cosm cos MQ ; 

whence, 

tanm = cotrf cos<, 

cos n = cos m sin h esc d, 

and it is evident from the fig- 
ure that 



in which the sign + or the sign 

— is to be taken according as 

the body and the elevated pole 

are on the same side of the prime vertical or on opposite 

sides. 

In fact, both values of I may be possible for the same alti- 
tude and hour angle; but, unless n is very small, the two 
values will differ largely from each other, so that the observer 
has no difficulty in deciding which of them should be taken. 




§ 70. Problem. 

Given the declination, the right ascension of a star, and the 

obliquity of the ecliptic, to find 
the latitude and the longitude of 
the star. 

Let M (Fig. 50) be the star, 
P be the pole of the equinoctial, 
and Q the pole of the ecliptic. 

Then, on the triangle PMQ, 

given PQ = 6 = 23^*27', . 
PM=^(f-d, 
ZMPQ = 90" + r (see Fig. 47); 
and ZPQJf=90*»-v(seeFig.47). 




Fig. A). 



required QM=^(f — u, 
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In this case, also, two sides and the included angle are given. 
Draw MSJl.PQ, and meeting it produced at S, and let 

By Napier's Rules, 

sin r = tan n tan c?, 
sin u = cos (e + n) cos Mff, 
sin d=coBn cos JfJJ, 
sin(e + w) = tanv tan -JfflJ 
sin n = tanr tan MS^; 
whence, tan n = cotd sin r, 

sin w = sin c? cos (e + n) sec w, 
.tan V = tan r sin (e + w) esc w. 

To avoid obtaining u from its sine we may proceed as fol- 
lows: 

From the last two equations we have, by division, 

sin u = tan v cot (e + n) sin d cot r tan n. 

By taking Mffas middle part, successively, in the triangles 
MQja: &ni MPS, we obtain 

cos w cos V = COS d cosr ; 

whence, cos u = Becv cos d cos r. 

From these values of sin w and cosu we obtain, by division, 

tan w = sin v cot(d + n) tan d esc ^* tann. 

From the relation 

sin r = tan n tan c?, 

it follows that tan d esc r tan w = 1. 

Therefore tan w = sin v cot (c + w), 

a formula by which u can be easily found after v has been 
computed. 
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EZEBCISE XXXII. 

1. Find the dihedral angle made by the lateral faces of a 
regular ten-sided pyramid ; given the angle ^ = 18**, made at 
the vertex by two adjacent lateral edges. 

2. Through the foot of a rod which makes the angle A with 
a plane, a straight line is drawn in the plane. This line makes 
the angle B with the projection of the rod upon the plane. 
What angle does this line make with the rod ? 

3. Find the volume V of an oblique parallelopipedon ; 
given the three unequal edges a, i, c, and the three angles 
I, m, n, which the edges make with one another. 

4. The continent of Asia has nearly the shape of an equi' 
lateral triangle, the vertices being the East Cape, Gape Romania, 
and the Promontory of Baba. Assuming each side of this tri- 
angle to be 4800 geographical miles, and the earth's radius to 
be 3440 geographical miles, find the area of the triangle : (i.) 
regarded as a plane triangle; (ii.) regarded as a spherical 
triangle. 

5. A ship sails from a harbor in latitude I, and keeps on 
the arc of a great circle. Her course (or angle between the 
direction in which she sails and the meridian) at starting is a. 
Find where she will cross the equator, her course at the equa- 
tor, and the distance she has sailed. 

6. Two places have the same latitude ^, and their distance 
apart, measured on an arc of a great circle, is d. How much 
greater is the arc of the parallel of latitude between the places 
than the arc of the great circle? Compute the results for 
^ = 45^ c^=90^ 

7. The shortest distance d between two places and their 
latitudes I and Z' are known. Find the difference between 
their longitudes. 

8. Given the latitudes and longitudes of three places on the 
earth's surface, and also the radius of the earth ; show how to 
find the area of the spherical triangle formed by arcs of great 
circles passing through the places. 
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9. The distance between Paris and Berlin (that is, the arc 
of a great circle between these places) is equal to 472 geo- 
graphical miles. The latitude of Paris is 48** 50' 13" ; that of 
Berlin, 52** 30' 16". When it is noon at Paris what time is it 
at Berlin? 

Note. Owing to th e apparent motion of the sun, the local time over 
the earth's surface at any instant varies at the rate of one hour for 15° 
of longitude ; and the more easterly the place, ihe. later the local time. 

10. The altitude of the pole being 45°, I see a star on the 
horizon and observe its azimuth to be 45**; find its polar 
distance. 

11. Given the latitude I of the observer, and the declina- 
tion d of the sun ; find the local time (apparent solar time) of 
sunrise and sunset, and also the azimuth of the sun at these 
times (refraction being neglected). When and where does the 
sun rise on the longest day of the year (at which time d = 
+23** 27^) in Boston (Z = 42**21'), and what is the length of 
the day from sunrise to sunset ? Also, find when and where 
the sun rises in Boston on the shortest day of the year (when 
d = —23** 27'), and the length of this day. 

12. When is the solution of the problem in Example 11 im- 
possible, and for what places is the solution impossible ? 

13. Given the latitude of a place and the sun's declination ; 
find his altitude and azimuth at 6 o'clock a.m. (neglecting re- 
fraction). Compute the results for the longest day of the year 
at Munich (Z= 48** 9'). 

14. How does the altitude of the sun at 6 a.m. on a given 
day change as we go from the equator to the pole ? At what 
time of the year is it a maximum at a given place f (Given 
sin A = sin Z sin c?.) 

15. Given the latitude of a place north of the equator, and 
the declination of the sun ; find the time of day when the sun 
bears due east and due west. Compute the results for the 
longest day at St. Petersburg (Z= 59** b&). 
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16. Apply the general result in Example 15 (cos ^ = cot ^ 
tanrf) to the case when the days and nights are equal in 
length (that is, when c? = 0**). Why can the sun in summer 
never be due east before 6 A.M., or due west after 6 p.m. ? 
How does the time of bearing due east and due west change 
with the declination of the sun ? Apply the general result to 
the cases where l< d and l^^d. What does it become at the 
north pole ? 

17. Given the sun's declination and his altitude when he 
bears due east ; find the latitude of the observer. 

18. At a point in a horizontal plane MN a staff OA is 
fixed, so that its angle of inclination AOB with the plane 
is equal to the latitude of the place, 51** 30' N., and the direc- 
tion OB is due north. What angle will OB make with the 
shadow of OA on the plane, at 1 p.m., when the sun is on the 
equinoctial ? 

19. What is the direction of a wall in latitude 52** 30' N. 
which casts no shadow at 6 a.m. on the longest day of the 
year? 

20. At a certain place the sun is observed to rise exactly in 
the north-east point on the longest day of the year ; find the 
latitude of the place. 

21. Find the latitude of the place at which the sun sets at 
10 o'clock on the longest day. 

22. To what does the general formula for the hour angle, 
in § 67, reduce when (i.) A = 0^ (ii.) ^ = 0** and c?=0^ (iii.) 
^orrf = 90**? 

23. What does the general formula for the azimuth of a 
celestial body, in § 68, become when t = 90° = 6 hours ? 

24. Show that the formulas of § 69, if < = 90^ lead to the 
equation sin Z = sin A esc c?; and that if c?=0°, they lead to 
the equation cos Z = sin A sec t. 

25. Given latitude of place 52° 30' 16", declination of star 
38°, its hour angle 28° 17' 15" ; find its altitude. 
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26. Given latitude of place 51° 19' 20", polar distance of 
star 67° 59' 5', its hour angle 15° 8' 12" ; find its altitude and 
its azimuth. 

27. Given the declination of a star 7° 54', its altitude 22° 
45' 12", its azimuth 129° 45' 37" ; find its hour angle and the 
latitude of the observer. 

28. Given the longitude v of the sun, and the obliquity of 
the ecliptic e = 23°27'; find the declination d, and the right 
ascension r. 

29. Given the obliquity of the ecliptic e = 23° 27', the lati- 
tude of a star 51°, its longitude 315° ; find its declination and 
its right ascension. 

30. Given the latitude of place 44° 50' 14", the azimuth of 
a star 138° 58' 43", and its hour angle 20° ; find its declination. 

31. Given latitude of place 51° 31' 48", altitude of sun west 
of the meridian 35° 14' 27", its declination +21° 27' ; find the 
local apparent time, 

32. Given latitude of place ^, the polar distance^ of a star, 
and its altitude h ; find its azimuth a. 
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FORMULAS. 

L sin'^ + cos'^ = 1. 



2. tan A = 



cos^ 



!sin J. X CSC ^ = 1. 
cos ^ X sec -4 = 1. 
tan^ X cot -4 = 1. 



§5. 



4. sin (a; + y) = 8ina;cosy + cosa;siny. 1 

5. cos (a; + y) = cos a; cosy — sin a; sin y. 

6. tan(x + y)= ^^7 + ^^y . 

1 — tan X tan y 

7. cot(:r + y)= °°^^"°*y-^ 

cota: + coty 

8. sin (^ — y) = sin a; cosy — cos x sin y. 

9. cos (a: — y) = cosa: cos y + sin a; sin y. 



\ § 3i. 



10. tan (x — y) 



_ tana: — tan y 
1 + tan X tan y 



,- . , V cota;coty + l 

11. cot (a: — y) = — ^ — • 

•^^ coty — cota: 

12. sin 2a; = 2 sin x cos a;. ^ 

[§S3. 
13< cos 2a; = cos'a; — sin'a:. j 



§32. 
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14. tan 2a? = 



2tana? 



16. cot 2x = 



1 — tan'a; 
cot'a; — 1 



2 cot a? 



§38. 



. — C08Z 



16. sin Jz=db-J— 

117 1 ll + cos z 

17. cos J z = db-^ — ^— 



la tan } z 



=^^ 



19. cotJz^itJS 



— cos 2 



COSZ 



cosz 



§34. 



cosz 

20. sin ^ + sin ^ = 2 sin J (^ + ^ cos } (^ - 5 >. 

21. sin ^ - sin ^ = 2 cos i (^ + £) sin i^A- J5). 

22. cos j1 + ws ^ = 2 cos 1 (^ + ^) cos J (^ - B), 
83. cos^ -- coB^ = - 2 sin J (^ + ^) sin } (^ - £). 

n^ sin A + sijiB __ tan H-^ + -S) 
sin -4 — sin -B tan i{A — B) 



§35. 



26. « = 8i'^^ 



36. 



b einB 
26. a' = 5' + c»~2JccosA §37. 

a + i tanJ(-4 + £) ^ 



2a 8inJ^=^(i:^M3. §48. 
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«-'^->P^ 



30. te.l^=J<'-^)''-^>. 

\ 8(8 — 0) 

81. J5EE[5ZWES=. 



tani A = 



8 

r 



§4a 



38. F=iacsmB. 



34 i?':F=Vs(s-a)(s-i)(s-(?> 

35. F=^^^ 

36. jP=Jr(a + J + tf) = rs. 



Spherical Trigonometry. 
37. cos c = cos a cos 6. 

gg r sin a = sin c sin J.. 
I sin i = sir 



§44. 



^{ 



40. 



: sin c sin ^. 

cos A = tan 6 cot c, 
cos J? = tan a cot c. 

' cos ^ = cos a sin ^. 



cos J? = cos 6 sin A. 

M-^ r sin J = tan a cot -4. 
* I sina = tan b cot B. 

42. cos tf = cot -4 cot B, 



§48. 



fsin a sin J? = sin b sin ^. 
sin a sin (7 = sin tf sin ^. 
sin i sin C = sin c sin -B. J 



[§51. 
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COS h COB (7 + sin & sin c cos A, 
COS c + sin a sin {? cos £, 
cos b + vina sin b cos (7. 



r cos a = cos b 

44. <! cos i = cos a 

t cos (? = cos a 

r cos -4 = — - cos ^ COB (7 + sin -B sin C' ( 

i5. -j COB -B= — COS ^ cos (7 + sin -4 sin (7 ( 

I cos (7 = — cos ^ cos -B + sin ^ sin ^ ( 



61. 



sin 1 A = Vsin (« — i) sin (« — c) esc b esc c, 

cos } A = Vsin « sin (s — a) esc 6 esc c, 

tan } J. = Vcsc « CSC (s — a) sin (« — b) sin (« — c), 

sin J a ■« V— cos /S cos (iS— -4) esc ^ esc (7. 
47. 'I cos J a = Vcos {8 — B) cos {8 -'C)cso£ esc CI 
tan J a = V— cos/Scos (/S— ^) sec (8—B) sec (/?-C). 



48. 



19. 



COB } (-4 + -B) cos } c = COB J (a + 6) sin 1 (7. 

sin } (-4 + J?) COB } c = COB J (a — i) cos } C 

cos } (-4 — ^) sin } {? = sin 1 (a + b) sin i (7 

. sin J (-4 — ^) sin } c = sin } (a — J) cos J 0, 

tan i (^ + -B) = 5^4^^ cot i C. 
COS } (a + 6) 

tan}(^-^) = "°?S°7S cotiG 
Sin J (a + ^) 

COS } (^ + -B) 

taDj(a-J) =^H±(4^tanJ.. 
sin J (^ + 5) 



52. 



$53. 



60. F= 



E 



180° 



•i?. 



51i tan'} JE7=tatf }«tan J(«— a)tan }(«— 6)tanJ(»— c). ^ 
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Prof. Blakslee's construction by which the direction ratios 
for plane right triangles give directly from a figure the analo- 
gies for a right trihedral or for a right spherical triangle. 




The construction consists of two parts. 

(a) Lay off from the vertex Va unit's distanpe on each edge. 

(J) Pass through the three extremities of these distances 
three planes perpendicular to one of the edges, as VA, Now 
these three parallel planes will cut out three similar right 
triangles. The first being constructed in either of the two 
usual ways, the construction of the others is evident. 

Since the plane angles Ai, -4„ A^ all equal the dihedral A, 
and the nine right triangles in the three faces give the values 
in the figure, we have : 

(1) sin A = ama : sin h ; similarly, sin .8 = sin i : sin h, 

(2) cos A = tan 6 : tan A ; similarly, cos B = tana : tan A. 

(3) tan A = tana : sin J ; similarly, tan B = tan b : sin a. 

(4) cos A = cos a cos b ; (by 3) == cot A cot B, 
(6) sin A = cobB: cos J ; sin -8 =coaA: cos a. 



Note. If a sphere of unit radius be described about Fas a centre, the 
three faces will cut out a right spherical triangle, having the sides a, b, 
and A, and angles A, B, and S, The above formulas are thus seen to 
be the analogies of: 
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(1) sin J. «> a : A ; sin B^b :h, 

(2) cwA^bih] COR B^a.h. 

(3) twnA^aib; ta^nB^bia. 

(4) A'-.o« + 6* ; l-Biii« + coB«; 1-cotilcotA 

(5) sin J. — COB £ ; sin B -> cob ^. 

Nftpier'B raleB give only the following, which follow from the analo 
gies as numbered : 



By f Bin a — Bin J. sin A — tan & cot ^ ) ,o\ 
(1) I sin 6 — sin B sin A -> tan a cot J. J 
(S) f c^)" '^ ^ Bin ^ cos a a» tan 6 cot A ) ^^x 

I cos B = sin ii COB & — tan a cot A i 
(4) { COB A <- cos a cos 6 -> cot ii cot B } (4) 



The Gauss Equations. 




coa^(A + £)coB^c = cos ^ (a + J) sin ^ C 
sin ^(A + £)coB^c = cos ^ (a — i) cos ^ O. 
cos ^(^ — -B) sin ^ c = sin i(a + b) sin ^ CI 
sin ^(-4 — 5) sin ^ c = sin ^ (a — J) cos ^ 0. 

Rule I. sin in (I.) gives — in (3), and conversely, 
cos in (I.) gives + in (3), and conversely. 

Rule II. Functions have same names in (2) and (3). 
Functions have co-names in (4) and (1). 



ANSWERS. 

PLANE TRIGONOMETRY. 

EZEBCISE I. 

1. Bin^-^ coa^-?. tan-B-^, cot^-?. secj5-^, cscP-Jl 
e c a a b 

d. (i.) sin « }, cos - 4, (ii.) sin = A. 6^. (v.) sin » f |, etc. 
tan =- f, cot — }, ^iii.) sin = ^, etc. (vi J sin - f Jj, eta 
sec — }, CSC « |. (iv.) sin = ^, eta 

4. The required condition is that a' + 6* = c*. It ia. 
6. (i.) sin- 4^. etc. (iii.) sin - 1, ete. 

<«-)Bm-^?J^;etc. (iv.).in = ^.etc 

.7. In(iii.)|>'2^ + 2'«»-=|)'«'; in (iv.) wi'w««» + m*|}'«»«n'2'»f». 

8. c—145; whence, 8inJ. = ^ = cos5; cosJ.=- JJ| = sin5; 
tan J. = ^^=-cotJ5; cotil — -^^ tan-B; secil = JJJ=»c8c5; eta 

9. 6 - 0.023 ; whence, tan il = cot 5 =- ^ ; cot J. - tan B =- ^, eta 

10. a — 16.8 ; whence, sin A = Jf f — cos B, etc. 

11. c-»p + a; whence, sin J. — ^^ — 2_=,cos-B; etc. 

-^ ^ 1^ + 5' 

12. h — Vg (p + j) ; whence, tan J. = -iP = cot 5 ; etc. 

13. a'^p — q', whence, sin A —' V . -; = cos -B ; etc. 

14 8in^ = |V5 = 0.89443; etc. 15. sin -4=.}; etc. 

16. sin il - J (5 + V7) - 0.95572 ; etc. 

17. cosil - J ( v^ - 1) •= 0.57097 ; sin il - i (>/31 + 1) - 0.82097 ; eta 

18. a -12.3. 20. a -9. 22. c-40. 

19. 6-1.54. 21. 6 = 68. 23. c- 229.62. 

24. Construct a rt. A with legs equal to 3 and 2 respectively; then 
construct a similar A with hypotenuse equal to 6. 
In like manner, 25, 26, 27, may he solved. 
28. a -1.5 miles; 6- 2 miles. 31. 400,000 miles. 

30. a - 0.342. h - 0.940 ; a - 1.368, h - 3.760. 32. 142.926 yank 
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Exercise II. 

6. Through A (Fig. 3) draw a tangent, and take AT^S; the angle 

AOTia the required angle. 

6i From (Fig. 3) as a centre, with a radius — 2, describe an arc cut- 
ting at 8 the tangent drawn through B ; the angle 80A is the 
required angle. 

7. In Fig. 3, take OM^ J, and erect MP JL OA and intersecting the 

circumference at P; the angle POM is the required angle. 

8. Since sin x «■ cosx, OM^ Pi/" (Fig. 3), and x = 45° ; hence, construct 

x-45^ 

9. Construct a rt. A with one leg « twice the other ; the angle opposite 

the longer leg is the required angle. 

10. Divide OA (Fig. 3) into four equal parts; at the first point of divi- 
sion from erect a perpendicular to meet the circumference at 
some point P. Join OP; the angle ,4 OP is the required angle. 

21. r sin x. 22. Leg adjacent to J. = nc, leg opposite to J. » mc. 

Exercise III. 

1. cos60^ cot p. sec 71° 50'. tan 7° 41'. 
sin 45°. tan 75°. sin52°3G'. sec 35° 14'. 

2. cos 30°. cot 33°. sec 20° 58'. tanO°l'. 
sin 15°. tan 6°. sin 4° 21'. sec 44° 59. 

3. J\/3. 

4. tanil-cotil-cot(90°-il); hence, -4-90° --4 and -4 = 45° 

5. 30°. 7. 90°. 9. 22° 30'. 11. 10°. 

6. 30° 8. 60°. 10. 18°. j2 ^"^ 

n-fl 

Exercise V. 

1. COB -4 — 3*^, tanil=»J^, cot -4 — ^, sec-4— Jjf, csc-4=J|. 

2. cosA=»0.6, tanX = 1.3333, cot -4 = 0.75. sec il = 1.6667, esc ^=1.25. 

3. sin -4 = J|, tan-4=- JJ, cofc-4-ff, sec-4 — fj, csc-4=-fJ. 

4. sin il = 0.96, tan A - 3.42854, cot -4 - 0.29167, sec A -3.5714. 

5. sin A - 0.8, cos A » 0.6, cot A - 0.75, sec A - 1.6667, esc A = 1.25. 

6. sin^ = }>/2, co8-4-}v^, tan-4-1, 8ec-4=v^, csc-4=-V2; 

7. tan -4 - 2, sin A - 0.90, cos A - 0.45, sec A = 2.22, esc A - 1.11. 



ANSWEBS. 



8. co8il = i, Bin^ = i\/3, tanil=V3; cot^=jV3, c8cA = jV3. 

9. Bin-4 = iv^ coB-4 = iV2, tanil = l, cot-4 = l, 8ecA=\/2. 

10. coBil=Vl-w2, tan^ = — ^Vl-m^ cot A = - vT^I^'. 

1 — m* wi 

II. o,.^-!^ u«^-i!f^,. "'-'-'-S^'' -^-BS 

l....^-S^u.^-^-.^-=|^'. 

13. cot - 1, sin = } V2; cos = J V2, sec - V2. esc = V2. 

14. coe = i\/3, tan=iV3; cot=\/3, 8ec = §V3, esc = 2. 

15. sin = i VS, cos = }, tan = VS, cot = i VS, sec =- 2. 

16. sin = } V2 -\/3, cos = iV2+\/3, cot = 2+V3; 

17. sm = }V2-V2, cos = iV2+V2, tan=\/2-l. 

18. cos = l, tan = 0, cot = 00, 8ec = l, esc = 00. 

19. co8 = 0, tan = 00, cot = 0, sec = 00, csc = l. 

20. sin = 1, cos = 0, cot = 0, sec = 00, esc = 1. 

21. coB^=Vl-sinM. tanX = --?1^4=' c«cA = -i-. 

Vi-sinM sinX 

22. sinil-Vl-cos'M. tan ^ = ^^^^i^=-^^, cot^ = - 



cos-4 



cos A Vl-cos"^ 

sec -4 = ^. CBC A =- _ 

COS^ VI -COS* J. 

23. Bin^=-^^4=' C08il = — 1 , cot^ ^, 

Vl + tan« A Vl+tanM tan A 

8ec^=Vl+tanM, esc ^ = .^^ + ^^^1^. 

tan J. 

24. tan il = ji esc A = Vl + cot'* A, sin -4 = 



co<^^ VI +00^*^ 

co8^ = — ^?^A^ 8ec^=:^^S^20. 
VI + cot'^ cot A 

25. Bin^ = ^\/5, co8X=§V5. 27. sin^ = :fV. cosX = tf 

26. 8inil = J>/i5, tanil=Vl5. 28 1 -3cos^X + 3cosM 

cos* A — cos* J. 



TBIQONOMETBY. 



Exercise VI. 

I & , b 5. J.-90*»--B, a = cco8A 

1. --coBil; .-.c- .. • . ' 

e cos A o*^c sin ^. 

39. c- 7.8112, ^ = 39*»48', 5 = 50<'12'. 

40. 6 - 69.99. A - 30' 12", 5 = 89° 29' 48'». 

41. a= 1.1886, il = 43° 20*. ^-46° 40'. 

42. 6-21.249, c- 22.372, 5 =-71° 46'. 

43. a=- 6.6882. c - 13.738, i? = 60°52'. 

44. a- 63.869, 6 = 23.369. J? = 20° 6'. 

45. a- 19.40, 6 = 18.778, ^ = 45° 56'. 

46. 6 = 53.719, c= 71.377, A = 41° 11'. 

47. a =12.981. <; = 15.796, A = 55° 16'. 

48. 0=0.58046,6-8.442, il= 3° 56'. 

49. JP=i(c»8inAco8A). 51. JP* = }(6»tanil). 

50. iJ'=}(a« cot ^). 52. F^i{aV?^^, 

53. 6=11.6, c= 15.315, A = 40° 45' 48", 5 = 49° 14' 12". 

54. a = 7.2, c = 8.766, 5-34°46'40«, ^ = 55° 13' 20". 

55. a = 3.6474. 6 = 6.58, c = 7.5233, ^ = 61°. 

56. a = 10.283, 6-19.449. ^ = 27° 52', 5 -62° 8'. 

57. 19° 28' and 70° 32'. 65. tan A = ^, ^-59° 45'. 
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58. 3 and 5.1961. 



a = 6tanA 95.34. 



90° 
59. a = cco8 -^ 67. 1°25'56". 



6 = c sin 



» + l 
90° 68. 7.0712 miles in each direction 



n + 1 69. 20.88 feet. 

60. 36° 52' 12" and 53° 7' 48". 70. 56.65 feet. 

61. 212.1 feet. 71. 228.63 yards. 

62. 732.22 feet. ' 72. 136.6 feet. 

63. 3270 feet. 73. 140 feet. 

64. 37.3 feet. 96 feet. 74. 84.74 feet. 

Exercise VII. 

1. C = 2( 90°-^), c = 2aco8^, A = asinil. 

2. A=i(180°-(7), c = 2acosX, ^ = a8inA 

3. C = 2(90°-ii), a=CH-2co8A, A-asinil. 



8. 


tan A = A -i- J c, 


9. 


^ = 67° 22' 50". 


10. 


c = 0.21943. 


11. 


a - 2.055, 


12. 


a =. 7.706, 


13. 


A = 79° 36^ 30". 


14. 


A=77°19'1F, 


15. 


A = 25° 28', 


16. 


A = 8P 12' 9", 



ANSWERS. \ 

4. J.-i(180°-(7), a-c-t-2co8A, A-asinJ.. 
6. C=-2 (90°-il), a-=A-*-8iii^, c = 2aco8A 

6. il-=i(180°-C), a = A-*-8in J., c«2aco8il. 

7. sin .4 = A -4- a, C« 2(90° - il), c « 2a cos A 
C= 2(90° ~ A). a= A -»- sin A, 
C=» 45° 14' 20", A -13.2. 
A -0.27384, -F- 0.03001 
A - 1.6852, F= 1.9819. 
c = 3.6676, J?^= 13.73. 
C=20°47^ c = 2.4206. 
C= 25° 21' 38", a = 20.5. 
C= 129° 4'. o = 81.388, h = 35. 
a= 17° 35' 42", a = 17, tf = 5.2 

17. J?'=JcV4a«-c2. 22. 0.76537. 

18. JJ'-a^sinJCcosiG A 94° 20'. 

19. F=a'smAcoBA. 24. 2.7261. 

20. F^h'i&nia 25. 38° 56' 33". 

21. 28.284 feet. 4525.44 sq. feet. 26. 37.7 

Exercise VIII. 

1. r = 1.618, h =- 1.5388, i?^= 7.694. 

2. r- 11.269. ^ = 10.886, i''^ 381.04. 

3. A = 0.9848. ;) = 6.2514, F=^ 3.0782. 

4. A =19.754, c =6.257, -P= 1236. 
6. r- 1.0824, c =0.8284, J'- 3.3137. 

6. r- 2.592. A = 2.488, c= 1.4615. 

7. r= 1.5994, A = 1.441, ^ = 9.716. 

8. 0.6181. 12. 0.2238. 17. 11.636. 

9. 0.64984. 13. 0.31. 18. 99.64. 
10. 0.51764. 14. 0.82842. 19. 1.0235. 

15. 94.63. 20. 0.635. 



11. 6 = . 



2 cos 



90° 16. 415. 
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EXEBCISE IX. 

5. Two angles : one in Quadrant I., the other in Quadrant II. 

6. Four values : two in Quadrant I., two in Quadrant IV. 

7. X may have two values in the first case, and one value in each of 

the other cases. 

8. If cos a; i- —f, a; is between 90^ and 270^ ; if cot x » 4, a; is between 

0° and 9(y» or 180° and 270° ; if sec a; = 80, a; is between 0° and 
90° or between 270° and 360°; ifcsca;-— 3, xis between 180^ 
and 360°. 

9. In Quadrant III. ; in Quadrant II. ; in Quadrant III. 

10. 40 angles ; 20 positive and 20 negative. 

11. +, when X is known to be in Quadrant I. or IV. ; — , when x is known 

to- be in Quadrant II. or III. 

14. sinaj--f>/3, tanaf = -4V5, cot«--A'^. cbc«--A'^- 

15. sin«-±A'^^tCos«-TA'^^t **»«-- J» secap-TjVIO. 

csca;— ± VlO. 

16. The cosine, the tangent, the cotangent, and the secant are negative 

when the angle is obtuse. 

17. Sine and cosecant leave it doubtful whether the angle is an acute 

angle or an obtuse angle ; the other functions, if + determine an 
acute angle, if — an obtuse angle. 

20. sin450 = sin (360 + 90) - sin 90 - 1 ; tan 540° « tan 180° - ; 
cos 630° -cos 270° = 0; cot 720° -cot 0°-a); 
sin 810° -sin 90° -1; esc 900° - esc 180° - od. 

21. 45°, 135°,. 225°. 315°. 22. 0. 23. 0. 24. 0. 

26. o«-6» + 4a&. 

EZEBOISE X. 

2. sin 172°- sin 8°. 11. cot 264° - tan 6°. 

8. cos 100° --sin 10°. 12. sec 244° -- esc 26®. 

4. tan 125° --cot 35°. 13. esc 271° -- sec 1°. 

5. cot 91° --tan 1°^ 14. sin 163° 49'- sin 16° 11'. 

6. sec 110°- -CSC 20°. 15. cos 195° 33' =.- cos 15° 33'. 

7. CSC 157°- CSC 23°. 16. tan 269° 15'- cot 0°46'. 

8. sin 204° --sin 24°. 17. cot 139° 17' --cot 40° 43f. 

9. cos 359°- cos 1°. 18. sec 299° 45'- esc 29° 45'. 
10. tan 300° --cot 30°. 19. esc 92° 25'- sec 2° 25'. 



ANSWERS. 



20. 8in(- 75**)=--Bin 75*»=--cob15*»,co8(- 75®)-co8 76<»- Bin 15°, etc 

21. Bin(-127^)- -^in 127**^ cob 37**, cob(-127*')- cob 127*^- -^in 37°. etc. 

22. 8in(-20(y)- sin 160°=- Bm20*»,coB(-200°>=.co8200°— cos20°,etc. 

23. 8m(-345°) = -sin 345° = sin 16°, cob(-345°) = cob 346° = cob 16«». eta 

24. Bin(- 52° 370^ sin 62° 37' cos 37° 23', 

cob(- 52° 37')= COB 52°37'« sin 37° 23', etc. 

25. sin (-196° 64') « Bin 196° 64'= sin 16° 54', 
cofl(- 196° 64') = COB 196° 64' - -cos 16° 54', etc. 

26. Bin 120° = J V3, cos 120° = - }, etc. 
57. Bin 136«» = + } \/2, cos 1 35° = - J V2, etc. 
«8. sin 150° = + }, co8l50o--iV3, etc. 
29. Bin 210°- -J, co8 210° = -}V3, etc. 
80. sin 225° = - J \/2, cos 225° = - i V2, etc. 
31. sin 240° = - i V3, cos 240° = - J, etc. 
82. sin 300° = - J V3, cos300° = + i, etc. 

33. sin (-30°) =-}, cos (-30°) =H-}\/3.etc 

34, sin (- 225°) = + } V2, cob(- 225°) = - } V2, eta 
36. cob a; = - i\/2 or - Vi*, etc., x = 225°. 

86. tana; = -Vi sina; = }, co8a; = -i>/3, a; = 150°. 

87. Bin3540° = 8in300° = -sin60° = -iV3, cos 3540° =- + }, etc. 

88. 210° and 330° ; 120° and 300°. 

89. 136°. 225°, and -225° ; 150° and -30°. 

40. 30°, 150°, 390°, and 610°. 

41. sin 168°, cos 334°, tan 226°, cot 252°, 
Bin 349°, cos 240°, tan 64°, cot 177°. 

42. 0.848. (Hint : tan 238° = tan 58°, sin 122° = sin 58°). 

43. -1.952. 47. o« + 6« + 2a6coB». 

44. (o — 6) sin a. 48. 0. 

46. m sin X cos a;. 49. cosa^siny — sinascoBy. 

46. (o — 6) cot a; — (a + 6) tan a;. 60. tana;. 

61. Positive tetween a; = 0° and x = 135°, and between x — 315° and 

X = 360° ; negative between x = 136° and x = 315°. 

62. Positive between a; = 46° and x = 225° ; negative between « — 0° 

and X = 46°, and between a;.« 225° and x « 360°. 

53. sin (x - 90°) = - cos a?, cos (a? - 90°) = Bin a;, etc. 

54. Bin (a; - 180°) - - sin a?, cos (x - 180°) = - cos a;, etc. 

Exercises 63 and 64 shonld be solved by drawing suitable figures, and 
employing a mode of proof similar to that used in f 28. 
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Exercise XI. 

1. Bm(x H-y)-{|, C08(a; + y)-j|. 

3. Bin(90° +y) -. cosy, cos( 90 +y) --siny. etc 

4. sin (180 - y) « sin y, cob (180 - y) « - cos y , etc. 

5. Biii(180H-y)--siny, cos (180 H-y) « -cosy, etc. 

6. sin (270 -y)= -cosy, cos (270 -y) --sin y. etc. 

7. sin (270 + y)= -cosy, cos (270° + y)= sin y, etc. 

8. sin(360°-y)«-siny, cos (360 -y)- cosy, etc. 

9. Bin(360 + y)= siny, cos (360*» + y)- cosy, etc. 

10. sin (a? - 90«») « -cos x, cos {x - 90<») - sin x, etc. 

11. sin (a: -* 180°)=- sin x, cos (a; -180°)=- -cos a?, etc. 

12. sin (a; - 270°)= cos a;, cos (a: -270°)= -sin a;, etc. 

13. sin (-y) =-siny, cos(-y) - cosy, etc. 

14. sin(45°-y) = }V2(co8y-siny), cos (45°-y) =} V2 (cosy +8iny). etc. 

15. Bin(45°+y) = }V2(cosyH-siny), cos (45°+y) = J V2 (cosy-sin y), etc. 
16 sin (30°+y) = J (cos y + Vs sin y), cos (30°+y) = ) ( Vs cos y-sin y), etc. 

17. 8in(60°-y)=}(V3cosy-siny), cos(60°-y)=i(co8y+\/3'siny).etc. 

18. 3 sin a; — 4 sin' a;. 1 9. 4cos'a;-3cosa;. 20. 0. 21. jVs! 

22. sin ix-^i^^^i^- 0.10051; cosjx = Jl±M^= 0.99494. 

23. cos2a;--}, tan2a? = -V3. 

24. sin 22i° = } V2 - V2 = 3827, cos 22}° = i V2 + v^= 0.9239. 
tan 22}° = V2 -1 = 0.4142, cot 22}° = V2 +j__ = 2.4142. 

25. sin 15° =}V2-V3 = 0.2588, cos 15° =}V2 +V3=^ 0.9659. 
tan 15° -2-V3 =0.2679, cot 15° =2+V^ =3.7321. 

27-33. The truth of these equations is to be established by expressing 
the given functions in terms of the same function of the same 
angle. Thus, in Example 27, 
sin 2a; = 2 sin x cos x, 

and 2tana; = 2?^5_?, 1 + tan«a; = sec»a? = — r-. 
cos X cos' a? 

By making these substitutions in the given equation its truth 
will be evident. 
34. sin -4 + sin J5 + sin C= sin ^ + sin 5 + sin [180 - (^ + B)] 
= sin A + sin B + sin {A + B) 

- 2sin}(X + B) co8}(^ - ^) + 28in}(^ + B)co%\(A + B) 
= 2sin}(X + BS [co8}(A - ^) + cos}(^ + B)] 
-4sini(^ + B) cos}Xco8}5, (see JJ 34 and 35) 

But cos } C = cos [90° - } (A + 5)] = sin }(^ + B). 

Therefore, sm 2. + sin ^ + sin C'= 4 cos } ^ cos J ^ cos } C. 



ANSWERS. 



35. Proof similar to that for 34. 

oo i. A . 1 75 . X n sin J. cos 5 cos A sin B sin C 

36. tanJ. + tan5 + tanC7 = . _^ + . - + — - 

cos A cos ^ cos A cos ^ cosC 

sin C sin C sin Ccos C + cos A cos B sin C 



cos A cos B cos cos A cos B cos C 

(cos ^ cos i? + cos (7) sin C [cos A cos .g — cos { A + J5)] sin C 
cos A cos -B cos cos J. cos 5 cos C 



•- tan J. tan B tan C. 



sin A sin 5 sin C 
"" cos A cos -B cos 
S7. Proof similar to that for 36. 
oo 2 42. tan" a;. ^g cos(a; + y) 

sin 2a: ^^o cos(a? — y) * sina;siny 

39. 2 cot 2 X. ' cos a? cosy 47. tan a; tan y. 

^ co8(a?-y) ^ cos(a;+y) 

sin X cos y cos x cos y 

4j^ cos (a; ry) 45 coe(a;-y) 

Bin a; cosy ' sin a; sin y 

Exercise XII. 

1. If, for instance, J?= 90®, [25] becomes j- = sin J.. 
3. a« = 6« + c2, a« = 6'» + c«-26c, a^ ^ b^ -\- c" + 2bc. 

6. 90° in each case. 

7. (i.) 5Lz| = tan(^-45°), and a right triangle. 

a + 

(ii.) a + 6 = (a — 6) (2 +\/3), an isosceles triangle with the angles 30° 
30°, 120°. 

Exercise XIII. 
9. 300. 15. a -5, c = 9.6592, 

10. ^5 = 59.564 miles; 16. a = 7, 6=8.573. 

AC = 54.285 miles. ^^ g.^^^ ^^ ^^^^ ^^^ ^^3^ 2 feet ; 

11. 4.6064 miles, 4.4494 miles, altitude, 519.6 feet. 
3.7733 mUes. ^g 355. igQl 

12. 4.1501 and 8.67. iq ^ .„q j c qr», 

19. 5.438 and 6.857. 

13. 6.1433 miles and 8.7918 miles. ^ --.^o 

14. 8 and 5.4723. 

Exercise XIV. 
11. 420. 12. The other diagonal = 124.617 
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EXEBCISE XV. 


11. 6. 


15. 25. 18. 10.266. 


12. 10.392. 


16. 3800 yardfl. 19. a « 5.0032, h = 2.3385. 


14. 8.9212. 


17. 729.7 yards. 20. 26« 0' 10" and 14° 5' 50^. 




Exercise XVI. 



11. A - 369 62f 12". -B - 53<> 7' 48", C- W. 16. 46^ 60*. 76°. 

12. ^-J5-33°33'27'.C-112°63'6". 17. 4° 23' W. of N., or W. of a 

13. ^-5-C7=60*>. 18. 60°. 

14. Impoflsible. 20. 0.88873. 

15. 15°, 45°, 120°. 21. 54.516 mileB. 



ExEaciSB XVII. 



1. 4333600. 

2. 365.68. 

3. 13260. 

4. 8160. 

5. 240. 

6. 26208. 

7. 15540. 

8. 29450 or 



9. 10V3- 17.3205. 

10. 6\/3 = 10.3923. 

11. 0.19952. 

12. db Bin A. 

13. J(a«-&*)tanA 

14. 2421000. 

15. 30°, 30°, 120°. 



Exercise XVIII. 



1. 21.166 miles ; 24.966 miles. 

2. 6.3399 miles. 

3. 119.29 feet 

4. 30**. 



5. 20 feet 

6. 2,6268 0121.4704. 

7. 276.14 yards. 

8. 383.35 yards. 









AN8WEE8. 
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Miscellaneous Pboblems. 


2. 107 feet; 143 feet 27. 


8 inches. 


61. 


757.5 feet 


a 


1024 feet. 


30. 


460.45 feet 


52. 


520 yards. 


4. 


37** 34^ 5^^ 


31. 


88.94 feet 


53. 


1366.4 feet 


5. 


238.400 miles. 


32. 


13.657 miles. 


64. 


658 pounds ; 


6. 


861,800 miles. 


34. 


56.5 feet 




220 24^ with first 


7. 


2922.4 miles. 


35. 


51.6 feet 




force. 


8. 


60°. 


36. 


101.89 feet 


65. 


88.33 pounds; 


9. 


3.2. 


38. 


N. 76°66^E.; 




45° 37'' with known 


10. 


6.6. 




13.94 miles an hour. 


force. 


11. 


199.56 feet 


39. 


442 yards. 


68. 


500.2; 536.3. 


12. 


43 feet 


40. 


256 feet 


59. 


345.47 feet 


13. 


45 feet 


41. 


3121 feet; 


60. 


345.47 yards. 


14. 


260 34^ 




3633.5 feet 


61. 


61.23 feet 


15. 


78.37 feet 


42. 


529.6 feet 


63. 


307.79. 


16. 


75 feet 


43. 


41.41 feet 


64. 


19.8; 35.7; 44.5. 


17. 


1.44 miles. 


44. 


234.5 feet 


65. 


45°. 


19. 


56.66 feet 


45. 


25.43 miles. 


68. 


60°. 


20. 


69.28 feet 


46. 


294.7 feet 


69. 


60°. 


21. 


260 feet; 3690 feet 47. 


12,492 feet 


70. 


30°. 


22. 


1.344 miles. 


48. 


6.34 miles. 


73. 


} 6c sin A 


23. 


235.8 yards. 


49. 


210.44 feet 








74. 


i(^8mABmBcRo{A + B). 






75. 


V[«0 


,_a)(«-5)(«^c)]. 






77. 


199 A. 3 B. 10 p. 


94. 


16,281. 


114. 


, S. 56° 7^30^^ K; 


78. 


210 A. 3 E. 26 p. 


95. 


435.8 feet 




202.6 miles. 


79. 


12 A 3 E. 37 P. 


96. 


49,089 feet 


115, 


N.17°25^W.; 


80. 


3 A E. 6 p. 


97. 


750 feet 




37° 46^ N. 


81. 


12 A 1 E. 14 p. 


98. 


422.4 feet 


116, 


, 66° 11/ E. ; 244.3 


82. 


4 A. 2 E. 26 p. 


99. 


1835 feet 


121. 


Long.68°66'W. 


83. 


14 A 2 E. 9 p. 


100. 


26.88. 


122. 


103.6 miles. 


84. 


61 A. 2 E. 


103. 


6. 


124. 


33°18/N.; 


85. 


4 A 2 E. 26 p. 


108. 


6. 




36° 24^^ W. 


86. 


13.93. 23.21, 32.5 ch.110. 


6087 feet 


125. 


N.28°47'B.; 


87. 


9a 


111. 


, 5° 25^ S. ; 




1293 miles. 


89. 


876.3L 




457.6 miles. 


126. 


, S.50°40/W.; 


90. 


1229.6. 


112. 


460.8; 383.1 miles. 


250.8; 20°9'W. 


92. 


1075.3. 


U3. 


229 miles ; 


127. 


38°2VN.; 


93. 


2660.45. 




lfttll'39^8. 




es^^yw. 
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128. 171 miles ; Z2? W W. 129. N, 36*» 52^ W. ; 86» 8^ W. 

130. 173 miles ; 61« V^ 8. ; 34<> 13^ E. 

131. S. 5(y> W E. ; 4r» 15^ N.; 2(y 49^ W. 

132. N. 53» 2(K E., 16« 7^ W.; or N. 63« 2(K W., 25° 53' W. 
183. N. 47*^ 42.5^ E., 19« 27^^ N.. 121° 61' E. ; or N. 47° 42.5/ W., 19° 27' 

N., 116° 9^ E. ; or S. 47° 42.5^ E., 14° 33' N.. 121° 48^ E, ; ^r 8 
47° 42.5' W.. 14° 33' N., 116° 12' E. 

187. N. 73' E., 45 mHes ; 42° IV N.. 69° 5' W. 

188. N. 72° W., 287 miles ; 33° S., 13° 2f B. 
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SPHERICAL TRIGONOMETRY. 

Exercise XIX. 

1. 110°, 100°, 80°. 2. 140°, 90°, 55°. 7. f tt, 27r, ^tt 

Exercise XX. 

3. (i.) Either a or h must be equal to 90°. (ii.) If a = 90°, then >1- 90°. 
and 5 = 6; if 6 = 90°, then 5-90°, and A^a. (iii.) c-90° 
il = 90°. 5-6. (iv.) c = 90°, A - 90°. 5- 90«. C- 90r 

Exercise XXI. 

2. I. The cosine of the middle part = the product of the cotangents of 

the adjacent parts. 
II. The cosine of the middle part = the product of the sines of the 
opposite parts. 

Exercise XXII. 

24. A = 175° 57' 10'', B = 135° 42' 50", (7= 135° 34^ 7". 

25. a = 104° 41' 39", a = 104° 53' 2", 6 = 133° 39' 48". 

26. a = 90° ; 6 and B are indeterminate. 

27. a = 60°, 6 = 90°, B = 90°. 

28. The triangle is impossible ; why ? 

29. 6 = 130° 41' 42", c= 71° 27' 43", ^ = 112° 57' 2". 

30. o = 26° 3' 5i", A = 35°, B = 65° 46' 7". 

31. Impossible; why? ^ 

Exercise XXIII. 

1. cosA= cot a tan } 6, sin J 5 = esc a sin J 6, cos A = cos a sec J 6. 

2. sin J ^ = J sec J a, or cos w4. = J cos a sec* J a. 

180° 180° 

3. sin } .4 = sec i a cos , sin i2 = sin } a esc , 

n n 

sin r = tan } a cot 

n 

4. Tetrahedron, 70° 31' 43"; octahedron, 109° 28' 18"; icosahedron. 

138° 11' 36" ; cube, 90°; dodecahedron, 116° 33' 44'^ 



5. cot J A «-VcoBa. 
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Exercise XXV. 

1. (i.) tan m » tan b coe A, (ii.) tan n » tan a cos B, 

cos as'Cos6secmcos(c— m); coe 6 — cos a sec n cos (c — n). 



EXEBCISE XXVI. 

(i.) cot X «- tan B cos a, (ii.) cot a; =» tan A cos b, 

COB J. » cos B CSC a; sin (C7— x) ; cos B » cos J. esc « sin (0— x). 



EXEBCISE XXXI. 
4. 27.26". 

Exercise XXXII. 

1. If X denote the angle required, sin J a; — cos 18** sec 9**, x « 148** 42^. 

2. C08« — COSilcOB-B. 

3. Let w ^ the inclination of the edge c to the plane of a and b. Then 

it is easily shown that V= abc sin I sin w. Now, conceive a sphere 
constructed havine for centre the vertex of the trihedral angle 
whose edges are a,o, c. The snherical triangle, whose vertices are 
the points where a, 5, c meet tne sarface of wis sphere, has for its 
sides 2, m, n ; and w is equal to the perpendicular arc from the side 
I to the opposite vertex. Let L, J/, iv, denote the angles of this 
triangle. Then, by means of [38] and [47], we find that 
sin w =- sin m sin iV= 2 sin m sin iNcos } N 



2 



— -r-- Vsin s sin (« — Q sjn (« — m) sin (« — n), 
sin 2 



where « = }(i + m + n); 



hence, 7"= 2 abcVsin s sin (« — Qsin (« — m) sin (« — n). 

4. (i.) 9,976,500 square miles ; (ii.) 13,316,600 square miles. 

5. Let m = longitude of point where the ship crosses the equator, 

B = her couise at the equator, d = distance sailed. Then 
tan m » sin 2 tan a, sin £ » cos I sin a, cot d »• cot Z cos a, 

6. Let k » arc of the parallel between the places, x » difference re- 

quired ; then sin f A = sin } dsec Z. « — 90® (v2 — 1). 

7. cos (m — m') = (cos d — sinl sin Z') sec I sec 2' ; where m and m' are 

the longitudes of the places. 

9. 44min. past 12 o'clock. JO. 69". 
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11. 008 < i- — tan d tan T; tiBM of sunrise ». 12 — — o'clock a.m. ; time of 

t ^^ 

sanset » ~ o'clock P.M. ; cos a » sin d sec 2. For longest day at 

15 
Boston : time of sunrise, 4 hrs. 26 min. 60 sec. a.m. ; time of sunset. 

7 hrs. 33 min. 10 sec. p.m. Azimuth of sun at these times, 57° 2ff 
\&' ; length of day, 15 hrs. 6 min. 20 sec. ; for shortest day, times . 
of sunrise and sunset are 7 hrs. 33 min. 10 sec. a.m. and 4 hrs. 26 
min. 50 sec. p.m. ; azimuth of sun, 122° 34' 45^' ; length of day, 

8 his. 53 min. 40 sec. 

12. The prohlem is impossible when cotd<tanZ; that is, for places in 

the frigid zone. 

13. For the northern hemisphere and positive declination, 

sin A =3 sin 2 sin (2, cot a =» cos 2 tan (2. 
Example: A = 17° 14^ 35'^ a - 73° 51' 34" E. 

14. The farther the place from the equator, the greater the sun*s altitude 

at 6 A.M. in summer. At the equator it is 0°. At the north pole 
it is equal to the sun's declination. At a given place, the sun's 
altitude at 6 a.m. is a maximum on the loosest day of the year, 
and then sin h^%ml sin e (where e » 23° 27'}. 

15. cos t =» cot 2 tan d. Times of bearing due east and due west are 

12 — -- o'clock A.M., and — o'clock p.m., respectively. 
15 15 

Example : 6 hrs. 58 min. A.M. and 5 hrs. 2 min. p.m. 

16. When the days and nights are equal, d» 0°, cos<=> 0, t = 90° ; that 

is, sun is everywhere due east at 6 a.m., and due west at 6 p.m. 
Since I and d must both be less than 90°, cos i cannot be negative, 
therefore, t cannot be greater than 90°. As d increases, t decreases ; 
that is, the times in question both approach noon. If 2<d, then 
cos ^ > 1 ; therefore this case is impossible. If 2 » d, Uien cos < =1, 
and < » 0° ; that is, the times both coincide with noon. The ex- 
planation of this result is, that the sun at noon is in the zenith ; 
nence on the prime vertical. At the pole I » 90°, cos t » 0, 
t » 90° ; therefore the sun in summer always bears due east at 6 
A.M., and due west at 6 p.m. 

17. Bin^-sid(fcscA. 18. IP 50^36^'. 

19. The bearing of the wall, reckoned from the north point of the hori- 

zon, is given by the equation cots — cos 2 tan a; whence, for the 
given case, x « 75° 12^ Z&'. 

20. 55° 45' 6" N. 21. 63° 23^ 41'' N. or S. 

22. (L) cos < o. — tan I tan d\ (li.) t^z\ (iii.) the result is indeterminate. 

23. cot a — cos Z tan (2. 28. sin<f»sin«sint;,tanr— cosetanv. 

25. A - 65° 37' 20". 29. d - 32° 24' 12", r - 301° 48^ 17". 

26. A -58° 25' 15", a -152° 28'. 30. d- 20° 48' 12". 

27. <-45°42', Z = 67°58'66''. 31. 3 hrs. 59 min. 27f sec. P.M. 
32. coeJa-Vcos}(Z-h A+|>)cosJ(i + A— p)seoisecA. 



ADVERTISEMENTS 



MATHEMATICS. 



WENTWORTH'S SERIES. 

T^WO words indicate the two leading characteristics of these 
remarkable books : "scholarship and text-book availability. 
They combine mathematical brilliancy with all the elements of 
school- room popularity. The author's aim was to be helpful. He 
has miide a study of his subjects with the psychology and probable 
capacity of the students constantly in mind. His books enable 
the average student not merely to "learn something," but to 
MASTER the study, and at the same time they give the brighter 
ones plenty to exercise their faculties. There is no attempt to 
make a parade of learning. On the other hand, there is no abso- 
lution from solid work. Everything is made simple, practical, 
direct, and thorough. Mental energy is economized. The teacher 
has to use his strength only in the necessary work of teaching, 
and the pupil his only in the necessary work of acquiring. 

To learn by doing, and to learn one step thoroughly before the next 
is attempted, are the chief elements of the method, and yet no 
books give pupil or teacher less of the tread-mill feeling. The 
consciousness of mastery constantly cheers and invigorates the 
student, while the teacher has the satisfaction of wielding an 
instrument fitted to the hand. All will recognize in these char- 
acteristics the marks of ideal text-books. The testimony of use 
may be summed up in one word. Satis/action, 

The following figures speak volumes for the success of the 
Wentworth books : 

In January, 1894, according to the most accurate information obtainable, 
Wentworth's Series, in whole or in part, was in use by over 220,000 pupils 
in the secondary schools alone of the United States. In the three repre- 
sentative states, Massachusetts, New York, and Illinois, 41,306 pupils were 
using Wentworth, while only 9,191 were using the next most popular book. 
For New York State, there are oflScial figures— those of the Regents of the 
University. These show that for 1892-93, of the schools under the control 
of the Regents, the number using Wentworth was : Algebra, 178 ; Plane 
Geometry, 280 ; Solid Geometry, 112 ; and the numbers using the next most 
popular book were respectively 65, 21, and 9. 
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MATHEMATICS. 



Wentworth'8 School Algebra. 

By Q. A. WsNTWOBTH, Professor of Mathematics in Phillips Exeter 
Academy. Half morocco, y-fr-362 pages. Mailing price, $1.25; for 
introduction, $1.12. AntwerB in pamphlet fwm^ freSf <m teacher^ 
orders. 

TN this book the author has availed himself of his own expe- 
rience in writing and teaching the elements of Algebra, and oi 
the experience of hundreds of others. Where improvement was 
possible, it has been made. 

The School Algebra is offered as exactly right for the nsual high 
school and academid^ courses. It gives a thorough and practical 
treatment of the principles of Algebra up to and including the 
binomial theorem, and is strictly in line throughout with the 
author^s College Algebra. For college preparation it is particu- 
larly well suited. 

The problems in this book are nearly all new, either original or 
selected from recent examination papers, and are graded with the 
utmost care. They are sufficient in number to illustrate and fix 
all the principles, and interesting and varied enough to hold the 
student's attention through the book. The passage from Arith- 
metic to Algebra is made easy, and the advantages of using letters 
clearly pointed out. The treatment of fractions has been further 
simplified. Radicals precede quadratics. There is at the end a 
carefully made collection of miscellaneous examples, covering 
nearly every principle of Algebra. This, with the author's College 
Algebra, makes a complete and consistent course. 



F. D. Sherman, Principal High 
School, Bay City, Mich. : We think 
it an excellent text-book, or we 
should not at present be using it. 

Theodore L. Sewall, Girls* Class, 
School, Indianapolis : An admirable 
book, like all of the Wentworth 
Series. 

George Gilbert, Chester Academy, 
Pa,: The best book for its grade 
yet issued by an America pub- 
lisher. 

Bichard H. Lewis, Judson Col- 
lege, N.C. : It is fresh, strong, really 
invigorating, and requires thought 
to master. 



George E. Gay, High School, 

Maiden, Mass, : Better adapted to 
use in high schools tlian any other. 

Jno. T. Buchanan, High School, 
Kansas City, Mo, : We find it to b6 
a first>class book, a book just suited 
to our work. 

T. W. Palmer, Prof, of Mathe- 
matics, University of Alabama : An 
admirable work. 

C. D. Schmitt, University of Ten^ 
nessee : For the work intended, I do 
not think it can be surpassed. 

L. B. Hunt, High School, Troy, 
jV.F. ; It meets my desires com- 
pletely. 
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Wentworth's College Algebra. 

By 6. A. Wbntwobth, Professor of Mathematics in Phillii)S Exeter 
Academy. Half morocco. 600 pages. Mailing price, ^1,GI6 ; for intro- 
dnction, $1.50. Answers in pamphlet form, free^ on teachers* orders, 

rpHIS is what its name indicates, a text-book for colleges and 
scientific schools. The first part is simply a concise review 
of the principles of Algebra preceding quadratics, with enough 
examples to illustrate and enforce the principles. Room is thus 
left for a full discussion of the higher topics. The endeavor has 
been to give in matter and methods the best training in algebraic 
analysis at present attainable. The work covers a full year, but 
by omitting starred sections and problems, the instructor can 
arrange a half-year course. Many professors helped with sug- 
gestions to make the College Algebra fit prevailing requirements. 



William Beebe, Assistant Prof, of 
Mathematics and Astronomy, Tale 
College : I find it characterized by 
the clearness and method of all Pro- 
fessor Wentworth's books, and am 
particularly struck with the amount 
of matter in the Algebra. 

Dascom Greene, Prof, of Mathe- 
matics and Astronomy, Rensselaer 
Polytechnic Institute, Troy, N.T,: 
The methods of treatment seem to 
be generally judicious, and the style 
attractive, and to the student well 
grounded in the elements it furnishes 
an excellent practical course in the 
higher branches of the subject. 

E. S. Crawley, Professor of 
Mathematics, University of Penn^ 
sylvania : It is a great improvement 

over for college use, and in its 

way seems to me to leave nothing to 
be desired. 

T. C. Leonard, 8. J., Prof, of Math- 
ematics, St. Ignatius College^ San 
Francisco : The book, in my opin- 



ion, is a model Algebra, distinguished 
for its clearness of explanation and 
the eminently practical nature of its 
matter. 

J. C. Olashan, Inspector of Public 
Schools, Ottawa, Canada: I am 
satisfied I can unqualifiedly recom- 
mend it. 

Henry Bay Warner, Prof, of 
Mathematics, Mt. Union College, 0. : 
Both as to subject-matter and style, 
I regard it as the most perfect Alge- 
bra I have ever examined. 

Henry C. King, Prof of Mathe- 
matics, Oberlin College, 0.; The 
chapter on Determinants I think a 
specially valuable feature, which 
alone would tell strongly in favor 
of the book for college use. 

E. P. Thompson, Prof, of Mathe- 
matics, Geneva College, Pa.: This 
is such a work as the college student 
ought to use. 
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Wentworth'8 Higher Algebra. 

By G. A. WsmrwoBTH, Professor of Mathematios in Phillips Ezeter 
Academy. Half morocco. 528pafi:es. Mailing price, $lJUi ; for intro- 
duction. $1.40. Answers in pamphlet formt free^ on teackers* orders. 

rpHIS work is designed to prepare thoroughly for colleges and 
scientific schools, and to famish in addition what is needed for 
the general student in such institutions. 

Preparatory schools and academies of high grade, especially such 
as give the pupils a thorough preliminary drill in arithmetic, 
normal schools, seminaries, and many colleges, will find it specially 
suited to their requirements. 

It is substantially equiralent to the author's Complete Algebra, 
but is believed to be in many respects better. The arrangement 
and the treatment of the topics have been revised, and fuller 
explanations have been given. It is more complete than the 
School Algebra, inasmuch as it takes up the topics usually included 
in higher Algebra. It gives a fuller treatment of the simpler ele- 
ments of Algebra than the College Algebra, and not so elaborate a 
treatment of the more advanced portions. 

In a word, the Higher Algebra provides in a single hook a complete 
course paraUel to ,the course provided by the School and College 
Algebras together. 



Davis Oarber, Professor qf Mathe- 
matics and Astronomy, Muhlenberg 
College, Allentown, Pa. : It seems to 
meet the wants of a general college 
course better than any of the 
author's other works on the same 
subject. With its elementary and 
advanced parts, its excellent arrange 
ment and clear treatment of topics, 
it is certainly a very desirable text- 
book. 

Geo. y. Buchanan, Prof, of Mathe- 
matics, Southern Illinois State Nor- 
mdl University, Carbondale, Ills, : I 
have used matter from it for special 
drills and tests in my classes, and I 
am ef the opinion that it is the best 
book for advanced work I have ever 



L. 7. Bickford. DanieU Baker 
College, Brownwood, Texas: One 
could scarcely see room for improve- 
ment upon Wentworth's Algebras 
as previously published, but the 
author in his Higher Algebra has 
solved the problem of improvement 
with remarkable success. In method 
and matter, and logical arrangement, 
and in vigorous analysis, it is well 
nigh perfect, and it easily leads as a 
text-book. 

KUton L. Ck)m8tock, Prof, oj 
Mathematics, Knox College, Oales- 
burg. His,: The expliinations are short 
and to the point always; the exam- 
ples are numerous and well selected, 
and the general scope of the treatise 
is ample for the demand of a college 
course. 
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Wentworth's Elements of Algebra. 



By Geobgb a. Wbntworth, Professor of Mathematics, Phillips 
Exeter Academy, and author of Geometry ^ Trigonometry , etc. Hsuf 
morocco, x + 325 pages. Mailing price, 31.26 ; for introauction, 31.12. 



Exeter Academy, and author of Geometry ^ Trigonometry etc. 
morocco, x + 325 pages. Mailing price, 31.2" 
Answers bound separately in pamphlet form, 

n^HIS book is designed for high schools and academies, and con- 
tains an ample amount for admission to any college. In grade 
and amount it is exactly equivalent to the School Algebra, and as 
the problems are entirely different, it may be used as an alterna- 
tive when a change of problems is found desirable. 



Went worth' 8 Complete Algebra. 

Includes the subjects usually taught in Colleges. Half morocco. 525 
pages. Mailing price, 31.55; for introduction, 31.40. Answers bound 
separately in pamphlet form. 

n^HIS work consists of the author's Elementary Algebra, with 
about one hundred and eighty-five pages additional, and it 
may be used as an alternative for the Higher Algebra to obtain a 
new set of problems. 

Wentworth's First Steps in Algebra. 

Half morocco. Specially prepared for the use of grammar scliools. 

Wentworth's Shorter Course in Algebra. 

Half morocco. 258 pages. By mail, 31.10; for introduction, 31.00. 
Answers in pamphlet form, free, on teachers* orders. 

Algebraic Analysis. 

By G. A. Wentworth, A.M., Professor of Mathematics in Phillips 
Exeter Academy ; J. A. McLbllan, LL.D., Inspector of Normal Schools, 
and Conductor of Teachers' Institutes for Ontario, Canada ; and J. C. 
Glashan, Inspector of Public Schools, Ottawa, Canada. Part I. con- 
cluding with Determinants. 12mo. Half leather, x 4-418 pages. By 
mail, 31.60; to teachers and for introduction, 31.50. 

nnniS work is intended to supply students of Mathematics with 
a well-filled storehouse of solved examples and unsolved exer- 
cises in the application of the fundamental theorems and processes 
of pure Algebra. 
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Wentworth's New Plane Geometry. 

'Bj GsoBOB A. Wbntwobth. Tescher of Mathematics, Phillips Exetei 
Academy, NJL 12mo. x + 242 |Miges. Mailing Frice, 86 cents; Intro- 
dnction, 75 cents. 

Wentworth's N ew Plane and Solid Geometry. 

By Gbobgb a. Wbntwobth, Phillips Academy, Exeter, N.H. 12mo. 
Half morocco, xi + 386 pages. Mailing price, $1.40 ; Introduction, $1.25. 
The book now includes a treatise on Conic Sections (Book IX.). 

A LL the distinguishing characteristics of the first edition have 
been retained. The subject is treated as a branch of practical 
logic, the object of which is to detect and state with precision the 
Buccessive steps from premise to conclusion. 

In each proposition a concise statement of what is given is 
printed in one kind of type, of what is required in another, and 
the demonstration in still another. The reason for each step is 
indicated in small type between that step and the one following; 
and the author thus avoids the necessity of interrupting the process 
of demonstration to cite a previous proposition. The number of 
the section on which the reason depends, is, however, placed at the 
side of the page ; and the pupil should be prepared, when called 
upon, to give the proof of each reason. Each distinct assertion in 
the demonstrations and each particular direction in the constmo 
tion of the figures begins a new line, and in no case is it necessary 
to turn the page in reading a demonstration. 

In the new edition will be found a few changes in the order of 
the subject-matter. Some of the demonstrations have been given 
in a more concise and simple form. The diagrams, with which 
especial care was taken originally, have been re-engraved and mate- 
rially improved. The shading, which has been added to many of 
the figures, has proved a great help to the constructive imagination 
of pupils. The theory of limits — the value of which the author 
emphasizes— has been presented in the simplest possible way, and 
its application made easy of comprehension. 

But the great feature of this edition is the introduction of nearly 
seven hundred original exercises, consisting of theorems, problems 
of construction, and problems of computation, carefully graded and 
adapted to beginners in Geometry. 
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George W. Sawin, late Instr. in 
Mathematics in Harvard College: 
The old edition of Wentworth's 
Greometryy at least the part devoted 
to Plane Geometry, I always re- 
garded as, on the whole, the best 
text-book of its kind in English. 
The new edition is, in my opinion, a 
far better book than the old. Tlie 
books on Solid Greometry have been 
raised to the excellence of the first 
five books. Even with a teacher of 
very moderate abilities, this text- 
book ought to render the study of 
Greometry attractive, and, I may 
add, fascinating, to the student of 
average talents. It may interest 
you to learn that I found last year 
that out of a class of one hundred 
and ten in Solid Oeometry, one hun- 
dred and one had been prepared in 
Wentworth*B Plane Geometry, 

W. A. Moody, Prof, of Mathemat- 
icst Bowdoin College : I have exam- 
ined it with considerable care, and 
consider it an improvement on the 
old edition, noticeably in the better 
figures and general finer appearance 
of the book and in the numerous 
" original " exercises. 

J. B. Trench, Prof, of Mathemat- 
ics, Syracuse University: It seems 
to be a great improvement upon the 
former edition. We shall doubtless 
continue to use it. 

W. C. Bartol, Prof, of Mathe- 
matics, BuckneU University: I be- 
lieve it is a dedded improvement on 
the old edition, and shall use it in 
my classes. 

layman Hall, Prof, of Mathematics, 
Georgia School of Technology : I find 
the new edition of Wentworth's Ge- 
ometry admirably adapted to ear 
needs hare. I thLok the author has 



accomplished the great end of giving 
clear and concise proofs in the mini« 
mum of space, and has materially 
improved, without rendering too diflS- 
cult, the original exercises and nu- 
merical examples. 

E. H. Stanley, Instructor of Math* 
ematics, Oberlin College: Quite a 
careful examination of the G^metry 
has led me to regard it one of the 
very best of its kind. 

W. Hoover, Prof, of Mathematics, 
Ohio University : I have introduced 
into my classes the new edition of 
Wentworth's Geometry, and find it 
very much of an improvement upon 
the old. ... I never had such good 
results in my geometry classes. 

E. Miller, Prof of Mathematics, 
University of Kansas : The book is 
a very superior one, and grows in our 
estimation because it is exactly suited 
to our needs. It is a book that com- 
pels a student to think and invent 
new methods and demonstrations. 

I. S. Hulbnrt, Prof, of Mathe- 
matics, University of So. Dak.: The 
revised edition is the best text-book 
on the subject of geometry that I 
have ever used. 

J. M. Taylor, Prof, of Mathematics, 
University of Washington, Seattle: 
The best book on geometry has been 
made better by the revision. 

A 8. Boe, lately Prin, of High 
School, Worcester, Mass. : I wish to 
express my unqualified approval of it. 

8. Weimer, Teacher of Mathemat- 
ics, High School, Cleveland, Ohio: 
The new book is a decided improve- 
ment over the old, although his first 
book, which we are now using, is 
superior to any text-book for class 
work that I have any knowledge of. 
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Wentworth's Trigonometries. 

Plane and Solid Geometry, and Plane Trigonometry. 

12mo. Half morocco. 490 pages. Mailing price, 91.55; for intro- 
dactioD, $1.40. 

Plane Trigonometry. 

12nio. Paper. 80 pages. Mailing price, 35 cents; for introduction, 
30 cents. 

Plane Trigonometry and Logarithms. 

8vo. Cloth. 160 pages. Mailing price, 85 cents; for introduction, 
80 cents. 

Plane and Spherical Trigonometry. 

12mo. Half morocco, iv + 151 pages. Mailing price, 80 cents; for 
introduction, 75 cents. 

Plane and Spherical Trigonometry, with Tables. 

8vo. Half morocco. vi + 269 pages. Mailing price, $1.25 ; for intro- 
duction, $1.12. 

npHE aim has been to furnish just so much of Trigonometry as 
is actually taught in our best schools and colleges. The prin- 
ciples have been unfolded with the utmost brevity consistent with 
simplicity and clearness, and interesting problems have been 
selected with a view to awaken a real love for the study. Much 
time and labor have been spent in devising the simplest proofs for 
the propositions, and in exhibiting the best methods of arranging 
the logarithmic work. Answers are included. 

Wentwortli's Plane and Spherical Trigonometry 

and Surveying, with Tables. 

8yo. Half morocco. 307 pages. Mailing price, $1.40; for introduc- 
tion, $1.25. 

Surveying. 

8vo. Paper. 80 pages. Mailing price, 35 cents; for introduction, 
30 cents. 

Wentworth's Plane and Spherical Trigonometry, 

Surveying, and Navigation. 

12mo. Half morocco. 359 pages. Mailing price, $1.25 ; for introduc- 
tion, $1.12, 
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npHE object of the work on Surveying and Navigation is to pre- 
sent tiiese subjects in a clear and intelligible way, according 
to the best methods in actual use ; and also to present them in so 
small a compass, that students in general may find the time to 
acquire a competent knowledge of these very interesting and 
important studies. Answers are included. 



A. H. Fierce, Instructor in Mathe- 
matics, Amherst College : I consider 
Wentworth's Trigonometry a perfect 
book for the class-room. All unnec- 
essary matter is omitted, and the ar- 
rangement of the work is sach as to 



help a student to a dear outline of 
the whole subject, . . . and the plen- 
tiful supply of exercises and practical 
problems relieves the teacher of the 
necessity of constantly consulting 
other text-books. 



Wentworth & Hiirs Five-Place Logarithmio and 

Trigonomefric Tables. 

By G. A WBNTWOBTHy Alii, and G. A Hill, A.M. 

Seven Tablei (for Trigonometry and Surveying): Cloth. 8vo. 79 pagea 



Hailing Price, 55 cents; Introduction, 50 cents. 

Ck>inplete (for Trigonometry, Surveying, and Navij 
rooco. 8vo. 158 pages. Mailing Price, 



ine, and Navigation) 
e, 91.10; Introduction, 



Half mxy 
uction, SljQO. 



rpHESE Tables have been prepared mainly from Gauss's Tables, 
and are designed for the use of schools and colleges* They 
are preceded by an introduction, in which the nature and use of 
logarithms are explained, and all necessary instruction given for 
using the tables. They are printed in large type with very open 
spacing. Compactness, simple arrangement, and figures large 
enough not to strain the eyes, are among the points in their favor 



Wentworth & Hiire Exercises in Arithmetio. 

I. Exercise Manual. 12mo. Boards: vi + 282 pages. Mailing Price. 
55 cents; for introduction, 50 cents. H. Examination Manual. 12mo. 
Boards. 148 pages. Mailing Price, 40 cents; Introduction Price, 35 centSi 
Both in one volume, 80 cents. Antwere to both parts together, 10 cents. 

rpHE first part (Exercise Manual) contains 3869 examples and 
problems for daily practice, classified and arranged in the 
common order; and the second part (Examination Manual) con- 
tfliQS 300 eq^amination-papers, pro|;ressive in cb^M^^ctw* 
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Wentworth & Hill's Exercises in Algebra. 

I. Exercise Manual. 12mo. Boards. 232 pages. Mailing price, 40 
cents; for in ti*od action, '^ cents. II. Examination Manual. 12mo. 
Boards. 159 pages. Mailing price, 40 cents ; for introduction, 35 cents. 
Both in one volume f 70 cents. Anmoers to both together ^ 25 cents. 

rpiIE first part (Exercise Manual) contains about 4500 problems 
classified and arranged according to the usual order of text- 
books in Algebra ; and the second part (Examination Manual) 
contains nearly 300 progressive examination-papers, well adapted 
to cultivate skill and rapidity in solving problems. 



BritiBh Mail : All engaged in the 
practical work of education will 
appreciate these Manuals, as they 
are calculated to save the master 



much precious time an4 lahor, and 
to give his students the benefit of 
progressive and carefully thought- 
out exercises. 



Wentworth & Hill's Exercises in Geometry. 

12mo. Cloth. 255 pages. Mailing pnce, 80 cents; for introduction, 
70 cents. Answers are included in the volume. 

^HE exercises consist of a great number of easy problems for 

beginners, and enough harder ones for more advanced pupils. 

The problems of each section are carefully graded, and some of 

the more difficult sections can be omitted without destroying the 

unity of the work. 

Wentworth & Hill's Examination Manual in 

Geometry. 

12mo. Cloth. iii + 138 pages. Mailing price, 55 cents; for introduc- 
tion, 50 cents. 

^HE aim of the authors has been to give some elementary 
but much needed instruction in the art of handling original 
theorems and problems ; and to supply a series of graded test- 
papers in Geometry which can be used not merely as tests of 
knowledge actually obtained, but also as a means of developing 
and strengthening the power to originate and carry on a logical 
train of thought ; in other words, as a means of gaining the great 
object for which Geometry ought to be studied. The uses to 
which this book can be put must be apparent to every teacher of 
the subject. 



